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Abstract

The paper considers the claim that the function-voxel model allows arithmetic operations
over the space of values of two different functions given by a single domain. At the same time,
there are three possible approaches to solving the problem, leading to a similar result: func-
tional approach - when the analytical representation of functions is involved in the calcula-
tions; functional voxel approach - when voxel data representing local geometric characteris-
tics are used in the construction of local functions for further use in the calculation; voxel ap-
proach - when exclusively voxel data is used for sequential recalculation of local geometric
characteristics of the model. The basic arithmetic operations on functional voxel models are
considered, including such procedures as: addition, subtraction, modulo, exponentiation, tak-
ing root expressions, multiplication and division of functional voxel models. It is shown that
the obtained applicability of arithmetic operations to functional voxel models leads to obtain-
ing new complex functional voxel models.
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1. Introduction

Various domestic and foreign researchers are engaged in the development of computer
representation of the area of the function of the implicit form F(X,,) = 0. Such works include
studies [1,2], which study the application of R-functional modeling in the construction of grid
surfaces for FEM, works [3,4] investigate the method of voxel representation of vector field
components for a three-dimensional function in mathematical modeling problems, and many
others who worked mainly on the task of rasterization of the function domain for the purpose
of zero-boundary allocation and a positive zone of values for use in various problems of geo-
metric layout [5-8].

The method of functional voxel modeling (FVM) was carried out in the system of
“RANOK” [9] and is based on the construction of basic graphical M-images that display the
characteristics obtained as a result of linear approximation of the surface of the function [10].
By itself, a set of basic images is a graphical display of local geometric characteristics at each
point on a given area for some algebraic function. An image that displays some characteristics
of an object is further proposed to be called an image-model or an M-image. For example, to
obtain a set of two-dimensional base images, the region of the function z = f (x, y) is linearly
approximated, where each point in the given region corresponds to the equation of the plane
Ax + By + Cz + D = 0. Increasing the dimension of the normal to the site, which characteriz-
es the vicinity of the point by one dimension, we obtain the equation Ax + By + Cz + Dt = 0.
As a result, we have four coefficients (4, B, C, D) for each argument. After normalization by the

norm N = VAZ + B2 + C2 + D2 we obtain the components of the normal as local geometric
characteristics (n,,n,,n3,n,) for a local function at each of the points of its domain z =

fxy):

X +nyy +nzz +nyt = 0.
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The voxel representation of the FV-model assumes mapping each local characteristic into
its own image with a monochrome color palette P (for example, in the range [0, 255]). Figure
1 shows basic  M-images (MY, MY, MLV, MV of local characteristics
(ny, ny,n3,n,),obtained by the formula M; = P(1 + n;)/2,where P = 256. An example was a
trigonometric function of the form z/ = 5(ysinmx + x%cosmy), which is displayed by four M-
images (Fig. 1). The question arises: is such a computer representation of a function applica-
ble in various calculations and transformations by analogy with an algebraic prototype func-
tion?
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Figure 1: An example of a graphical representation of a functional-voxel model in the area of
a trigonometric function f

For further demonstration of arithmetic operations on FV-models, we add to the consid-

eration an exponential function g of the form (Fig. 2):
_(x2 +y2)

z9 = (x — 1)6—[x2+(y+1)2] +10(0,2x — x3 — yS)e_(x2+yz) te -

2 4
Figure 2: An example of a graphical representation of a functional-voxel model on the do-
main of a trigonometric function g

2. Functional-voxel addition and subtraction

For further presentation, let us define the basic constructions of the method, which con-
sist of certain operators. The FV-method has the following operators to provide a transition
between the analytical and graphical states of the model:

e Operator G: f(xy, ..., Xy) =0 5 9i (%14, wo» Xy iy Mgy o, iy 1, ) — OPeTator of approxima-
tion of the function f(xy, ..., x,,) by the linear function g;(xy, ..., Xm, Ny i, o) ims1,:)» Where i - s
the number of voxels in the voxel space of the model. The operator G includes a partition of
the function f (x4, ..., x,) on a given domain into finite elements that are the minimum neigh-
borhood of a point in this space. In this case, the number of nodes of the finite element coin-
cides with the dimension of the space. For example, for the function space x; = f (x4, x;) the
final element will be a triangle. In general, the operator G is calculated through the determi-
nant:



x1 xm 1

x} Xk
:1 e =X+ QX T Qg = 0,,
o oxm 1

where x/ — i-th coordinate of the j-th node of the finite element.
to reduce the function nyx; + -+ + ny, %, + nye1 = 0 to the local form, the coefficients a;

are divided by the norm /a? + - + a2, .

e Operator M: (nq, ...,Npms1) 5 (M4, ..., M,,,,) — operator of transition from normal field
components to graphic representation of voxel space. The general view of the operator can be
represented as

P(1_+'TH)
T
where P — palette color intensity resolution, and i — function space axis number.

N
e Operator N: (M4, ..., M,,,1) = (n4, ..., Nyp4q) — is the inverse operator of C and is calcu-
lated by the formula
_2M;—P

P

X
e Operator X: (ny, ..., 1) = x'; — operator defining the value of a function along the se-
lected axis of space

n;

j=m

j=i-1
n; n; n
1] g) ] m+1
X;=— E _XJ— _XJ— )
—d N; n; n;
Jj=1

j=i+1
where x'; = x; the value of the function along the selected i-th axis of space, provided n; # 0.
It should be noted that checking the condition allows you to assign some minimum value to
n; for example n; = 0,1+ 10712,

There are three possible approaches to solving the problem, leading to a similar result:

e functional approach (F) - when the analytical representation of the function space is
involved in the calculations;

e functional-voxel approach (FV) - when voxel data characterizing local geometric char-
acteristics are used in the construction of local functions for further participation in the calcu-
lation;

e voxel approach (V) - when only voxel data is used for sequential recalculation of local
geometric characteristics of the model.

Sum. The space of the sum of two functions with the same specified area can be written as
a function (g + f)(x) = g(x) + f(x),Vx € X. In this case, each of the functions must be pre-
sented explicitly: xlf = f(Xq, oo, Xm0, Xig 1y oor Xm)y X7 = g(%Xq, v, Xi_1, Xi41, -, %) then the

value of the sum will be written as xif t9 = xif

problem using the functional voxel model.

The functional approach (F) according to the procedure is comparable to the construc-
tion of a new functional-voxel model based on some analytical expression for the sum of func-
tions f + g with the subsequent use of the operators {G, M} to construct FV-models.

To obtain a graphical representation on a given area for the sum function (f + g)(x) using
the functional approach (F), we write the resulting function as:

2/%9 = 5(ysinmx + x2cosmy) + (x — De ¥ +O0+D?7] 4
_(x2+¥?)

+10(0,2x — x3 — y5)e (*+%) L o7

+ x. Consider three approaches to solving the

Using the operators G and M, we obtain the desired graphical representation, which will
serve as a template for evaluating the remaining approaches. Figure 3 shows the basic M-
images of the sum of values area z/*9.
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Figure 3: Graphlc representation on a given area of the sum of two functions, obtalned by
the functional approach (F)

The functional-voxel approach (FV) allows you to abandon the calculation of a complex
function of the type (F), using the voxel data of the FV-models (Fig. 1 and Fig. 2) for a given
range of functions f and g, respectively.

Through the operator

N:(M, oML MO, M) S (n], .l g, n)
we obtain a solution in local functions:

Further definition of the neighborhood from the obtained points (z/?,z/%2/*9,) al-

lows us to successively apply the operators G and M to obtain the desired graphlcal represen-
tation using the functional-voxel approach. Figure 4 shows an example obtained by the FV

approach for comparison with the M-images of Figure 3.
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Figure 4: Graphic representation of the space of the sum of two functions, obtained by the
functional-voxel approach

Before moving on to the third approach, consider a variant that combines two types of
function representation in one expression:

nd nd nd
z/*9 = 5(ysinmx + x*cosmy) + (——2x - —Zy - —4>
3 ny ny

Obviously, the result of the addition to obtain the values of z/*9 will be the same as in the
cases considered above. This suggests that the proposed computer representation of a func-
tion can actively participate in complex analytical calculations on a computer for a given area.

The voxel approach (V) requires direct voxel transformations, completely refusing to use
the operators G and C in the calculation algorithm. This approach does not require the de-
termination of the neighborhood points and uses only the ratio of the components n; and, if
necessary, the calculation of the value of the local function addend at the point in question on
the area.



To describe approach (V), let us consider in more detail the method of obtaining the coef-
ficients of the equation of a plane oriented along three neighboring points:

Xy Xp X3 1

X117 X1z X3 1

X21 X220 X23 1

X31 X3z X33 1

= a;x; + ayx, + asx; + a, = 0, where

ay = X15(Xp3 — X33) — X2 (X3 — X33) + X3(X13 — X23),

a, = _(x11(x23 — X33) — X1 (X3 — X33) + x31 (%13 — ng)),
az = x11 (X3 — X32) — X21(X12 — X32) + x31(X12 — X32),
Ay = —(x11(X22X33 — X32X23) — X1 (X12X33 — X32X13) + X371 (X12X23 — X22%13)).

Consider the addition of two neighborhoods at a point expressed by local functions:

f f f g g g
a a a a a a
20 = <_—;x——;y——;t> ; <——1x——2 __;>.
az az az
Let's rearrange the right side and get
f g f g f g
v _x<a_1+a_1)_y<a_z+a_z)_<a_4+a_4)_
af a3 af aj) \af a3
The operator G equally splits the domain into neighborhoods for both functions f and g.
The value of coordinates (x;, y;) for points for a neighborhood in the plane Oxy coincides for
both terms of the functions. Hence, it can be argued that ag = aj (or a{ = af for the general

case). Thus, the coefficients af and a/ in the denominator of the expression can be replaced
by the general coefficient a;, which does not depend on the coordinate z, which determines
the position of the points of the neighborhood relative to the expressed axis 0z. This means
that the expression simplifies form:

f g f g f g
al +a al +a a, +a
Zf+9=—x<¥>—y< Z 2)—( e 4),fromhere

f f f
aa} f . f fa3
+9 _ g +9 _ g
;ll —;11+a1, azf —a2f+a2,
+9 _ f — 9 +9 _ g
a;,"" =ay =a3;anda, ” =a, +ay.

In the normalized state n) # ng, since the normalization procedure involves all the coef-
ficients of the corresponding function equation in the calculation, and they are different for
each function. Therefore, rearranging the normalized expression leads to

o9 o9 o9
= (24 -y e AL Y L
o nd Fng fnd

3 3 n3 3 n3 3
f..9 9. f f..9 9. .f f.9 g..f
__X<n1n3 +n1n3>_ <n2n3 +n2n3>_<n4n3 +n4n3>
- f. 9 f. g f. g '
nzng n3ng n3ng
Hence, we can conclude that now
f+g _ _f.. g 9., f _f+tg _ _f.4g g..f
af1 = nf1 ny +nyns, azf = nzfn3 + n, n3f,
+g9 _ g +9 _ g g
. az " = nzn; and a, " =mnyng +nyn;.
This leads to the renormalization of the coefficients
al*?
nft9 = L  wherei —1...4.

/79 =
f+9)? f+9)? f+9)? f+9)?
o) @)+ (e ) + (af)
Figure 5 shows the M-images of the graphical representation for the sum of the functions f
and g, obtained by the voxel approach.
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Figure 5: Graphical representation of the sum of two functions obtained
by the voxel approach
In the general case, we have
alf+g—nfng a]f+g }fn +n fr,uej=1,...,i—1,i+1,...,m
af+g
n,’:+g = k , where k=1,..,m
f+9\?
111(‘11 )

Subtraction. The subtraction can be represented as a sum with the negation of a function,
which means that it is enough to consider ways to obtain a negation construction f(x) =
—f (x). Figure 6 shows the voxel model for the function

z7f = —(5(ysinnx + x2cosmy)).

Considering the functional-voxel representation, we obtain

f f f f f f
7= = — _a_lx_a_Z _ % =__a1x__a2y__a4
f f f af af af

SU T

Figure 6: Graphlcal representatlon of the negation of the function f(x) = — f (x), obtained
by the functional approach

Figure 6 clearly shows that the M-images C;”, C,” and C,” in relation to the images
le , sz and C I have an inverted (inverse) color Ci_f =P - Cif (where P is the maximum value

of the palette). The M-image C; 7 in relation to the M-image C{ retains its color values, which
is confirmed by the expression obtained above.

3. Functional-voxel exponentiation
Exponentiation. The operation of raising to a power can be considered on the procedure
of squaring with further generalization.
The square power of f can be written as f2 = f - f,
or

= (5(ysinmx + x%cosmy))"”.



Figure 8 shows the FV-model for calculating such a function using the functional ap-

proach.

2
A

Figure 8: Graphical representation of a function f?

We will proceed from the FV-representation of the function f2 by local functions:

f f f f f f
= Y=—~F 7 Y7 )

" nl7 nl ny ny  on
Let's simplify the expression
" nf  al ol nfzf  nlzl nlzf
fPe~gx-gy-——%)d =y -5
n3 n3 n3 n3 n3 n3
from here
2
al” =nlzf,
2
al =nlz,
f2__f
a; =mn;,
al =nlz

This leads to the renormalization of the coefficients
fZ
a;

2V (o2 4 (a2 o (P2
) + () + (o) + (af)
Figure 9 shows images of a graphical representation for a given area of the function f,

squared by the voxel approach.

f? :
n;, = ,wherei —1..4.
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Figure 9: Graphical representation of a function in a square, obtained by a voxel approach

Consider the reverse action - root extraction for the resulting FV-model /f2. For this, we

write down that



Vfr="7= n3f n3f n3f '
/ <_ Mmoo om n_4>
AR A
or
JF? N3 \/n_sz N3
From here “
o =nl,
o7 =nf
a7 =2,
a7 =l
This leads to the renormalization of the coefficients
)
n‘/ﬁ = az/f_ ,wherei —1...4.

1 2

Y (Y ()

Figure 10 shows the M-images of the graphical representation of a given area for the

function \/F , obtained by the voxel approach.

A7

Figure 10: Graphical representation of the result of extracting the square root of
the function f?2, obtained by the voxel approach

For comparison, Figure 11 shows an example of a FV-model obtained from the calculation

of the function
2% = \/(S(ysinnx + xzcosny))z.



Figure 11: Graphical representation of the extraction of the square root of the function f2,
obtained by the functional approach

The proposed result can also refer to the result of taking modulo.

4. Functional-Voxel multiply and divide
Multiplication. Similarly, consider the arithmetic procedure for multiplying functions by
three possible approaches. As an example, let's keep the same functions: f- trigonometric and
g - exponential. Then the multiplication function for the first approach takes the form:

219 = (5(ysinmx + ¥cosmy)) ((x — e bE0H] 4 100,20 — 3 — yF)e (0 4

3

(x2+y?)
o
Using the operators G and M, we obtain the required graphical representation (Fig. 12).

mle mJ? mJe mL?

Figure 12: Graphic representation of the product of two functions, obtained
by the functional approach

The functional-voxel approach (FV), as noted earlier, allows you to abandon the calcula-
tion of a complex function of the previous type, using voxel data of the graphical representa-
tion of the functions f and g, respectively. Through the operator

N
N:(M], ..Ml M8, M) = (n), .. ,nf,n?, .. nd)

we obtain a solution in a normal equation of the form for the operator X:
g

n{ n£ n£ nf ny ny
—Fx—y - | (-—gx -5y ——35)
ng ng ng ng ni ng

Further definition of the neighborhood of the point z/9 allows us to successively apply the
operators G and M to obtain the desired graphical representation by the functional-voxel ap-
proach. Figure 13 shows a set of M-images obtained by the FV-approach for the domain of

the product of values.



Figure 13: Graphic representation of the multiplication of functions obtained
by the functional-voxel approach

The voxel approach (V) to multiplication leads to the determination of normalized coeffi-

cients based on the equation

f f f g g g
ny n, ny ny n, ny
2/9 = (——x——y——> ' <——gx——gy——g>.

f f f
TL3 TL3 Tl3 Tl3 Tl3 n3

Let's change the calculation strategy and write that

and

Both cases should lead to a single solution, which means

f f f g g
ny n, Y\ s s (™ n; Ny\ . fg
(——x——fy——f> z9+z |\ ——5x——3Y——|=2x;".

ng n; n; n, n, ni
Let's open the brackets and rearrange the resulting expression:
f f f g g g
n n n n n n
ny , n; n, . n3 3 ; 3
g g g
n n n n n
Tl:} n3 n3 ; 3 n3 ; n3
g g g
n n n n n n
n3 n3 ny n3 ny 3
f,9 9,f f,9 9.,f
_ <n1n3zg + n1n3zf> _y<n2n3zg + n2n3zf> _
nlnd nlnd
fn9 9, f
_ (n4n3zg + n4n3zf> _ 5,1
f,9 -
nsn;

Hence, we can conclude that
al9 = nfndz9 + nInlz’,
al9 = nfndz9 + ndnlz,
a9 = 2nn?,
a9 = nfndz9 + ndnlz’.
Obtaining the components leads to the renormalization of the coefficients
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Figure 14 shows the M-images of the graphical representation for the product of the func-
tions f and g, obtained by the voxel approach, where you can see a complete match with Fig-
ure 13.

f

i

n ,wherei —1...4.
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Figure 14: Graphic representation on a given area of the product of two functions,
obtained by the voxel approach.

In the general case, we have

a{g = nlfn,fx;f +nfn£x,]:, (i=1..k—-1k+1..m),

fg _ f..9
fak =ngny,
g
fa _ a; .
n' =———— rae i=1,..,m.

l )
, 2
ﬁ1(a{g)

Divide. Consider the arithmetic procedure for dividing functions in three possible ap-
proaches. The functional dividing for the first approach will take the form:

; 2
iy 5(ysinmx + x*cosmy)

2 2y’
(x — Ve l*+0+D% 4+ 10(0,2x — x3 — y5)e~ "+ 4 e_(x 2

g +0.
Using the operators G and M, we obtain desired graphical representation shown in Figure

15.

div div div
Mg M M3

Mfiv
Figure 15: Graphical representation on a given area of the quotient of two functions,
obtained by the functional approach

Functional voxel approach (FV). Through the operator
N
N: (Mf, ...,M{,Mf,..,Mf) - (n{, ...,n{,nf, v, ny)



we obtain a solution in a normal equation of the form for the operator X :

f f f

, n n n
div 3 3 3

z , g+ 0.

g g g

n1 nz Tl4_
—gX——gY g

ng n n

3 3 3

fl9

Further definition of the neighborhood of the point x3’“ allows us to successively apply
the operators G and M to obtain the desired graphical representation by the FV-approach.
Figure 16 shows the M-images obtained by the FV-approach, where you can see a complete
match with Figure 15.

w!

le /9 M{ /9
Figure 16: Graphical representation on a given area of the quotient of two functions,
obtained by the functional-voxel approach

The voxel approach (V) of functional dividing leads to the determination of normalized
coefficients based on the equation just considered.
We proceed from the fact that the quotient can be represented by the product:

Zdiv — £ =f- l
9 9
Having previously obtained the FV-model for the 1/g, function, you can use the product
procedure that was just discussed above.
Figure 17 shows the M-images of the graphical representation for the private function 1/

g, obtained by the functional approach (F).

——

v 7 v/
2 3 4
Figure 17: Graphical representation on a given area for the 1/g function,

obtained by the functional approach

Figure 18 shows the M-images obtained as a result of the voxel approach to the product
f (é) A visual assessment of the result obtained with the results in Figures 16 and 17 allows
us to speak about the correctness of the formulas obtained for calculating the V- divide.
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Figure 18: Graphical representation on a given area for the f/g function,
obtained by the voxel approach

5. Conclusion

The proposed set of approaches for the implementation of means of constructing and cal-
culating analytically presented implicit functions on a given domain allows us to create a new
computer computing platform that makes it possible, based on simulated local geometric
characteristics, to significantly simplify the representation of complex functions domain to its
local analogues (local functions) on a computer and, based on them, to organize complex
computational constructions in the form of functional expressions. An example is the FV-
modeling of R-functions that allow to obtain set-theoretic operations on the domain of two
analytical expression [11, 12], etc. Also, the implementation of basic arithmetic procedures
allows us to talk about the possibility of using voxel models in solving functional equations,
avoiding complex formulations.
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