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Abstract

The article is devoted to research of collisionless gas flow in porous medium. Darcy’s law
description of an ideal gas in porous medium was presented. The computing experiments
with different particle numbers and the porous medium configurations were conducted. The
relation between the flow speed (a statistical assessment of the hydrodynamic particle veloci-
ty) and the filtration rate of an ideal collisionless gas has been identified at the steady-state
process.

The aim of the created software is computing experiments on modern high performance
systems and visualization of the particle distribution evolution. The description and the per-
formance evaluation of the software are included in the article.
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Introduction

The article is devoted to the Darcy’s law research for an ideal gas in three-dimensional porous
medium. The article is a continuation of [1], where the two-dimensional case was considered.
It is assumed that it is possible to establish relation between the flow speed and the gas filtra-
tion rate. The flow speed and other macroscopic values are calculated using statistical esti-
mates. More about this is described in [2, 3, 4].

The kinetic model of an ideal collisionless gas is a dynamic system consisting of a statistically
large number of particles noninteracting with each other but interacting with boundaries. We
have created software that allows calculating a huge number of particle trajectories by Monte
Carlo method. In the modeling process such a problem, there is a huge amount of numerical
data. Data visualization in required value graphs and gas flow images allows presenting in a
visual form and qualitatively evaluating the results.

1. Ideal gas filtration model description

The mathematical model of ideal gas filtration in porous medium is described by the follow-
ing equation system [5-9]:
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where © is the permeability of a medium; u=13(K2%e) is the dynamic viscosity of the flu-

id; o) is the particle mean speed; {2) is the mean free path.
Next we consider the one-dimensional case where the gas flow is in a steady state

L o,

ct (2)
After integration (1) the continuity equation is as follows:

fJEf = Const. (3)

By substituting the first and the last equations from the system (1) to (3) with subsequent in-
tegration the formula of ideal gas filtration in porous medium is defined by
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a) configuration 1 (A1)

b) configuration 2 (£2)

¢) configuration 3 (‘E’:3 )
Figure 1. Computational scheme: the porous medium is red; the elementary domain bounda-
ries are green; the particles are yellow

where” u 7 are the elementary domain numbers, £ is the distance between the elementary
domains (the porous medium part length).



The elementary domain is a selected part of some simulated domain. Each subdomain may
have a certain particle number at the time moment. The statistical estimate macroscopic val-
ues are calculated by using the local particle parameters belonging to the elementary domain.

2. Computational problem statement

Let the simulated domain is a rectangular parallelepiped unlimited in the positive direction of
the x-axis. The domain is divided into 3 subdomain.

At the initial time, the first empty subdomain is uniformly filled with gas particles. The parti-
cle speed direction is also determined randomly with a uniform distribution. The ideal gas
flow is directed from left to right. The second subdomain is porous medium consisting of sol-
id spheres, the centers of which are located in the cubic grid nodes. The sphere radius is .
Figure 1 shows a computational scheme with three types of the porous medium configura-
tions (see table 1). The last subdomain is empty and unlimited.

Table 1. Porous medium configuration parameters
1l

i

Sphere radius, Sphere number,

1 0.5 160
2 0.25 720
3 0.125 4000

On the other hand, the simulated domain contains 6 elementary domains (see figure 1). The
elementary domain boundaries are highlighted in green. Elementary domains are numbered
from left to right along the x-Axis starting from zero.

The sphere number for the  th configuration of the porous medium is determined by
n(i)=10-2%" (2" +1)2, (5)

3. Software description
The trajectory of particle, which can interact w1th the boundaries, is described by
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where * is partlcle coordlnates Yt is particle velocity after the ¥ th interaction with the

TI te—t; I—T_‘u =Ar
boundary; - Bt is time step; & is the collision number of the particle with

the boundaries; ¢ is a function of the particle interaction with the boundary; "i# is a surface
normal of the 7 th boundary at the collision point at time % of the ' th step.

If the boundary is a plane, then the time moment % of crossing the particle trajectory and the
boundary is defined by
arl. +H= [l (8)



In other case when the boundary is a sphere, the crossing time moment % is as follows [10]:
ats +bt, +¢ =0,
(9)
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where °
Let the intersection p01nt of the particle traJectory and the boundary was found by using (8),

(9). As a computational result this point can be on the other side of the half-space bounded by
the surface, due to the computational error. This can lead to reflection and incorrect particle

trajectory (see figure 2). The solution is to add a correction coefficient % that moves the
particle back along the trajectory.

X2

Figure 2. Illustration explaining the use of the correction coefficient 97 ; the thick line is the
boundary; dotted line is the particle trajectory; the line is the particle trajectory including the
correction coefficient

In the case when the particle is reflected from the boundary according to the specular reflec-

tion [11], the partlcle veloc1ty after the collision with the moving boundary is
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(10)



Figure 3 shows the scheme calculating the trajectories of the particles, which can interact
with the boundaries.
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Figure 3. The scheme calculating the trajectories of the particles, which can interact with the
boundaries

This scheme allows accelerating calculations by using vectorization operation [12]. Although
the data sorting cannot be vectorized, the data swapping can reduce the operation number by
moving the particles noninteracting with the boundaries at the group end during time step
At

It is known that division and root extraction operations are slower than addition (subtrac-
tion) and multiplication operations. If it's possible, the "slow" operations before additional
conditions in cycles are transferred inside the condition, changing the condition of addition
and multiplication additional operations. It can lead to an increase in the calculation speed.
The solution presented in [13] is applied to quickly extract the inverse square root, which is
used in the normalization of vectors.

Let the porous medium consists of spheres located in the cubic grid nodes. Figure 4 shows a
cell belonging to such a grid. If the particle can move less than half of the cell length per time
step, it can be argued that the particle can interact only with one of 8 spheres, the centers of
which are located at the cell nodes. This also leads to a significant increase of the particle tra-
jectory calculation speed.



Figure 4. The cubic grid cell of porous medium

Figure 5 shows the general scheme of software [14].
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Figure 5. The general scheme of software

The model initial state is defined as the parameter initialization of particles by using a pseu-
do-random number generator, boundaries and elementary domains. For each elementary
domain is accumulated the sums of the particle parameters (the sums of particle mass, the
velocity components and the velocity component squares) belonging to the elementary do-
main at the time moment ?. These sums are applied to calculate macroscopic parameters sta-
tistical estimates by using the formulas presented in [5]. Intermediate data saving includes
phase space and particle parameter sums saving, which is applied at the last stage for data



visualization and calculation of macroscopic parameter statistical estimates. The last stage
(data processing) may also include plotting graphs and the absolute and relative error calcu-
lation.

Another idea of computational acceleration is splitting the particle array into large blocks.
Each program accumulating particle parameter sums works with a block. Macroscopic pa-
rameter statistical estimates are calculated by other program after computing the particle pa-
rameter sums for all blocks.

It is known that Linux OS is applied to manage of modern supercomputing systems. The de-
veloped software is oriented for such OS. Shell scripts are applied to coordinate all programs,
each of which has a special purpose. Algorithms that calculate the trajectories of the particles
interacting with boundaries and compute macroscopic parameter statistical estimates were
implemented in the C programming language, allowing relatively efficiently (compared with
most other languages, the exceptions are Fortran and C++) to use the computational re-
sources of modern central processors. The C language allows to abstract from the processor
architecture by using the features such as preprocessor directives and special options at the
compilation stage. The Mersenne Twister was applied as a pseudorandom numbers genera-
tor, which exists in the MKL library of Intel. Gas flow is visualized of using the OpenGL API.
Visualization of the field of macroscopic parameter statistical estimates is made using the
TecPlot application package, which requires files with input data in a special format. Scripts
written in the Python language are applied to plot graphs using Matplotlib 2D plotting li-
brary. This language supports dynamic typing and contains a huge number of extra libraries
(for example, Matplotlib).

4. Modelling and result analysis

Computational experiment series with different particle number for three porous media con-
figurations were conducted. Figure 6 presents a gas flow visualization in porous medium
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Figure 6. Gas flow for the different porous medium configurations at various time moments ?

As a part of the computational experiment the inverse problem of finding a coefficient
A linking the flow speed (the hydrodynamic velocity statistical estimation) and the filtra-
tion rate (4) depending on the configuration of the porous medium was solved.

Since the coefficient * # contains some values that can be calculated (11), it is sufficient to
find the following relation for each configuration <’ # .
ko 3k 3] i
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The coefficient ©' # calculation is divided into the following stages:

Efﬂ.__.[F] v £

1. For each pair of velocities and '©"" with the same numbers 7 and ' the coefficient

value ©' 4 is given by the equation:
§= e, o) e e

- el full (12)

The equation (12) is based on the least square method with a time interval re [EDD;IDDU]’

when the gas flow has a quasi-steady state, where time step is 2 = 0.1 The values ©'# are

presented in table 2, depending on < and I for different particle number.



Table 2
The coefficient values ' 4 depending on the particle number ¥ , porous medium configuration and elementary domain numbers - , 7

K/
N | j\i K1 K2 K3
1 2 3 4 1 2 3 4 1 2 3 4
2 10,0616 0,0596 0,0462
3 10,1498 |0,0462 0,0648 | 0,0578 0,0598 | 0,0506
10° | 4 |02132 |0,1540 |0,0796 0,0686 |0,0624 |0,0575 0,0646 |0,0592 | 0,0527
5 |02514 |072288 |0,1741 |0,0902 |0,0315 |0,0263 |0,0203 |0,0126 |0,0665 |0,0618 |0,0579 |0,0528
0,1449 0,0461 0,0572
2 |0,1476 0,1079 0,0596
3 102290 |0,1912 0,1331 | 0,1169 0,0648 | 0,0578
105 | 4 |02648 |0,2431 |0,1944 0,1402 |0,1264 |0,1100 0,0686 |0,0624 |0,0575
5 |0288 |072692 |0,2437 |0,2117 |0,1443 |0,1321 |0,1197 |0,1110 |0,0692 |0,0638 |0,0598 | 0,0569
0,2283 0,1242 0,0620
2 10,1946 0,1149 0,0604
3 |0,2417 |0,2288 0,1299 |0,1181 0,0664 | 0,0603
107 | 4 |02684 |02541 |0,2291 0,1390 |0,1275 |0,1169 0,0601 |0,0632 |0,0580
5 10,2847 |0,2683 |0,2463 |0,2254 |0,1446 |0,1337 |0,1240 |0,1161 |0,0699 |0,0645 |0,0600 |0,0569
0,2441 0,1265 0,0629
2 |0,2018 0,1152 0,0607
3 10,2450 |0,2359 0,1308 | 0,1201 0,0663 | 0,0600
108 | 4 02702 |0,2561 |0,2340 0,1396 |0,1284 |0,1175 0,0692 |0,0633 |0,0584
5 ]02863 |02699 |0,2485 |0,2295 |0,1451 |0,1343 |0,1241 |0,1160 |0,0702 |0,0648 |0,0605 |0,0573
0,2477 0,1271 0,0631




2. The obtained values ©'# are averaged for each porous medium configuration. Figures 7-10
show some results, where the coefficient values ©'# for each porous medium configuration

are taken from table 2.
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Figure 7. Graphs of flow speed '/ and filtration rate "~ depending on time ? for different po-
rous medium configurations with different particle number
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Figure 8. Graphs of flow speed '/ and filtration rate "~ , pressure and temperature statistical
estimation depending on time ? for &1
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The macroscopic parameter statistical estimate field is constructed by dividing the simulated
domain into subdomains. Each subdomain is an elementary domain. Figure 11 illustrates the
temperature and pressure distribution for the three porous medium configurations. The grid
size (the elementary domain number in each dimension) is equal to 128x32x32.

The software performance evaluation is executed on Intel Xeon E5-2690 V2 processor with a
peak performance of 240 GFlops DP for 10 cores.

Table 3 presents the software performance per core for calculating the particle trajectory and

r—21" — 13107 . .
including data saving where the particle number is ¥ =2 =131072 'the time step number is

300, the elementary domain number is 6.

Table 3
The performance evaluation on Intel Xeon E5-2690 V2 processor per a core depending on the
porous medium configuration and the time step

At r R.. R._.'R,_.
Configuration c. B R
GFlops DP , %
0.1 3.548 6.829 28.5
K1 0.01 | 2.408 7.703 32.1
0.001 | 2.001 8.323 34.7
0.1 3.928 6.820 28.4
K2 0.01 | 2.517 7.875 32.8
0.001 | 2.208 8.731 36.4
0.1 4.143 6.791 28.3
K3 0.01 | 2.468 7.910 33.0
0.001 | 2.125 8.902 37.1

Conclusion

We created software for numerical research of an ideal collisionless gas kinetic problem in the
three-dimensional space. The software allows to visualize gas flow.

It is possible to establish the following facts by using data visualization, which substantially
facilitated the research:

1. The filtration rate and gas flow speed graph comparison allowed to confirm qualitatively
that there is a dependence on these values for porous medium configurations.

2. The gas flow visualization helped to explain the initial divergence of the flow speed and the
gas filtration rate. The reason was the lack of a sufficient gas particle number in porous medi-
um, i.e., the gas flow has a quasi-steady state.

The relation between the flow speed (a statistical assessment of the hydrodynamic particle
velocity) and the filtration rate of an ideal collisionless gas has been identified. Darcy’s law
depends on the porous medium structure for an ideal gas without viscosity.

This work was supported by RFBR Grants 16-29-15105, 18-01-00343.
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