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Abstract

The paper proposes an algorithm for calculating a composite bicubic surface with a fixed
frame formed by longitudinal (along the x axis) and transverse (along the y axis) cubic
splines. Frame line equations are taken as the main boundary conditions. According to the
proposed algorithm, the problem is divided into two stages: first, the frame line equations are
found and then the coefficients included in the equations of the bicubic portions forming the
bicubic surface are calculated. This approach reduces the size of the characteristic matrix of
the linear equation system by reducing the number of coefficients in the surface equation.
The matrix size is reduced from 16mn to gmn, where m and n are the number of bicubic
portions along the x and y axes. Surface visualization is reduced to building a grid of
longitudinal and transverse generators, the equations of which are formed from the surface
equation by substituting y=const (longitudinal generators) or x=const (transverse
generators).

In this paper we calculate and visualize bicubic surfaces with a frame formed by a mixed
set of cubic splines and straight lines. The clarity of the examples is ensured by indicating the
numerical values of all calculated magnitudes with an accuracy of up to nine significant
figures.

Keywords: bicubic portion, cubic spline, curvature, smoothness, gradient, plane angles,
fixed end points.

1. Introduction
A bicubic surface is formed by bicubic portions

3 3
O(x,y) =2 > axy’, )
i=0 j=0
bounded by the cells of a rectangular grid on the xy plane of the Cartesian coordinate system
Oxyz. Portions (1) are interconnected and have a preset degree of smoothness.

The equation of each portion contains 16 coefficients, which are determined based on the
incidence, smoothness, and boundary conditions. The surface on the mxngrid consists of mn
bicubic portions of form (1), each of which is determined by its own set of 16 coefficients a;;.
The calculation of the coefficients is reduced to solving the system of linear algebraic
equations with a 16mn square characteristic matrix. For example, a system of 64 linear
equations must be solved to calculate the coefficients of the equation of a surface formed by
four bicubic portions.

Scientific novelty. The paper proposes an algorithm which can nearly halve (from
16mn to 9mn) the size of the characteristic matrix. As opposed to known algorithms, the
constructed surface is considered as a set of longitudinal (elongated along the x-axis) bicubic
tapes connected in the transverse direction with C2 smoothness (with continuous changes in
curvature when crossing the common boundary of the two tapes). Each tape is formed from


https://doi.org/10.26583/sv.15.2.05
mailto:ospolina@mail.ru
mailto:usmanovaea@susu.ru

sequentially connected bicubic portions. We formulated and proved the algebraic conditions
of C2-smooth bicubic tape connection.

Practical significance. Composite surfaces are often modeled in modern architecture
when designing structures with sufficient spatial freedom. In particular, the search for new
non-linear forms has led to the appearance of “tent architecture” [1] and “fold architecture”
[2], which use overlaps with complex curvilinear outlines. If a constructed surface has no
large gradients relative to a base plane xy, bicubic polynomials in the scalar values x, y can be
effectively used to model it [3, 4, 5].

2. Problem statement

A rectangular grid (%, X, .., X;,) X (Yo, Yy --» ¥, )is marked on the xy plane. Points with

different elevations are indicated in the nodes of this grid. The angular and boundary points
have gradients (the slope angles of the constructed surface to the xy plane) in the longitudinal
(along the x axis) and transverse (along the axis) directions. It is required to form a
rectangular C2-smooth surface with given gradients passing through the specified points. The
C2 smoothness means a continuous (without “jumps”) change in the surface curvature at any
point and in any direction [6, 7].

We will construct a surface from bicubic portions of form (1) bounded by the cells of the
rectangular grid mxn, where m, n are positive integers. At m=n=1, we obtain a bicubic
portion. At m>2 and n=1, we obtain a bicubic band. At m=n=2, we obtain the simplest
compound bicubic surface.

Note. A bicubic band is a rectangular-plan surface elongated along the x axis, formed by
a set of bicubic portions interconnected by transverse joints (with C2 smoothness).

3. Bicubic portion

A rectangular cell is marked on the xy plane of the Cartesian coordinate system xyz,
where hy=x:-xo0, hy=y:-yo (Fig. 1).
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Fig. 1. Boundary conditions

The angular points A(xo, Yo, z4), B(x1, Yo, zB), C(x1, Y1, zc), D(xo, Y1, zp) are specified and
the equations of boundary curves (cubic parabolas) are given:

AB =7, (X) = g + Brg (X—Xo) + 7ps (X=X%)? +0,a (X=%,)°, Xe€[Xs X1, Y =Yo
AD:ZAD(y):aAD+ﬂAD(y_yO)+7/AD(y_yO)2+§AD(y_y0)3’ yelyo, Vil X=X,
BC = 2 (Y) = tge + Bac (Y = Vo) + 7ec (Y = Yo) +Fac (V= Yo)'s Y ElYe, il X=x,,
DC =2, (X) = e + Poc (X=Xo) + Voo (X=%,)* + e (X=X%,)°, XX, %], Y=V,
The free term of the cubic parabola equation is hereinafter denoted by letter a, and the

coefficients at the increasing degrees of the argument are denoted by letters B, y, 6,
respectively. The subscripts indicate the boundary points of the relevant parabolas. It is

(2)



required to find the equation of the bicubic surface (portion) ®(x, y)=ABCD “stretched” along
the given boundary curves.
The expanded equation of bicubic portion (1) is:

DX, Y) =86 + 85, (Y = Vo) + 85 (Y = Vo) + 85 (Y = ¥o) +
+[a10 + ail(y - yo) + a'lz(y - yo)2 + a13(y - yo)s](x - Xo) +
Hay, +a,, (Y = Yo) +ay,(y - )/o)2 +ay(y- yo)3](x - Xo)2 +
Hag + 8 (Y = ¥o) + 85 (Y = Vo)* +8(Y = Yo)'1X=%,)°, xelx X1,y €lYo, il
Assuming that y=y,, we isolate the equation of boundary curve AB from (1a):
Zpg (X) =ayp t a10(X - Xo) + 8, (X - Xo)2 + 3y, (X - X0)3’ Xe [Xo’ X1] (3)

Equating the coefficients included in the first equation from (2) and the coefficients
included in equation (3), we obtain:

By =gy 89 =Prgs 8 =Vagr 83 =Opg- 4
Similarly, assuming that x=x,, we isolate the equation of boundary curve AD from (1a)
and equate the coefficients at the identical degrees of the variable y:

81 = Paor 8y =Vapr  8gg =Opp- (5)

Assuming that x=x;, we isolate the equation of boundary curve BC from (1a). Assuming

that y=y., we isolate the equation of boundary curve DC from (1a). Equating the coefficients

of the obtained equations with the relevant coefficients from (2) and taking into account (4),
(5), we obtain the system of five linearly independent equations

ayh, +ayhy +aghy = foc — B,
ay,h, + 85,07 + 85,0} = Yo — 7o,
A3h, +ayhy +aghy = 5pc — o, (6)
auh, +a,hy +a,h) = Boc — Bas,
6121hy + azzhy2 + a23hj =¥oc — Va8

(1a)

with respect to nine coefficients a1, @iz, a3, az1, A22, A23, 31, A32, Ass.

Note. Isolating the equations of the cubic parabolas BC, AD from (1a) and equating the
coefficients of these equations to the relevant coefficients from (2) while taking into account
(4) and (5), we obtain not five, but six linear equations. We can show that any of these six
equations results from the five remaining equations so one equation, namely

ayh, +a,h +a;h’ = 5, -6, , is neglected.

Four boundary conditions should be specified to determine the nine unknown
coefficients included in (6). The “plane angles” conditions can be taken as additional
boundary conditions: the first mixed derivatives of function (1a) are equal to zero at the

angular points of the constructed bicubic portion [8]. Differentiating (1a) and equating the
first mixed derivatives to zero, we obtain:

oD o°D

ox0y (Xovyo):auzo’ oxoy (X1'y0)223-21+3hx331:0'

R 0*® @
oy (%, Y,) =2a, +3hya13 =0, @(Xl, y,) =4a,, + 6hya23 +6h,a,, +9hxhya33 =0.

We find the coefficients a.i, a2, @iz, @21, @22, A23, A31, A32, Az3 from the system of equation
(6), (7). The remaining seven coefficients of equation (1a) are calculated according to (4), (5).
The problem is solved.

Note. Whereas bicubic portion is set by the angular points A, B, C, D and the gradients

(the slope angles of the tangents z*, z”at the angular points), equations (2) of the segment



boundaries are determined by a simple calculation [9, 10]. For example, if the slope angles
a*a, axg of the tangents 7, 7} are set at the finite points of boundary curve AB (see Fig. 1), the
coefficients yag, 648 included in the equation of this curve are calculated from the system of
equations

2 3
Apg + Baghy + 7 ashy + 055N, =75,

8
Brs 2780, +35ABhf =tga;, (8)

where aap=z4, fap=tga*a . The equations of other boundaries are determined similarly.
Example 1

We are given the coordinates of the angular points A(0; 0; 2,5), B(10; 0; 5), C(10; 10;
12,5), D(0; 10; 7,5). Gradients are fixed at the angular points (see Fig. 1):
tga, =-0,4; tga) =1,7; tgeg =0,5 tgay =-1, tges =0; tgal =1,7; tgey=17; tgel =-1.
The boundary plane angles conditions (the first mixed derivatives are equal to zero at the
angles of the portion) are additionally accepted. We must find equation (1a) of the bicubic
portion satisfying the conditions of the problem.

Solution

Substituting the values hy=h,=10 and the coordinates of points A, B in (8), we find the
coefficients of the equation of boundary curve AB. Similarly, calculating the coefficients of the
equations of boundary curves AD, BC and DC, we obtain:

Z,5(X) =2.5-0.4x+0.105x* —0.004x°,
Zgo (Y) =5-y+0.255y* —0.008y°,
Z,5(Y)=2.5+1.7y—0.09y* —0.003y°,
Zpc (X) =7.5+1.7x-0.19%* + 0.007x°.
Substituting the coefficients of equations (9) into (4), (5), we obtain:
Ay =0 =2.5, Ay =Lup =—04 a,=y,p=0105 a, =0, =-0.004
8y = o =17, 8 =7np =—0.09; 8y =0,, =-0.003.
The remaining coefficients included in (1a) are found from the system of equations (6),

(7):

(9)

a,, =0; a,, =0.063; a,, =—0.0042; a,, = —0.081; a,, = —0.00075; a,, = 0.00059;
a,, =0.0054; a,, =—0.00021; a,, = —0.000022.

We determined all the coefficients of equation (1a). Figure 2 shows the grid of generators
of the bicubic portion BCD constructed according to (1a).

Fig. 2. Bicubic portion



4. Bicubic band

A bicubic band consists of series-connected (with C2 smoothness) bicubic portions. The
bicubic portions ABCD and BMNC must be connected along the joint BC (Fig. 3).

Fig. 3. Connection of bicubic portions (Theorem 1)

Let us show that C2 smoothness is achieved if the longitudinal boundaries of the band are
C2-smooth and the first and second mixed derivatives at the junction points B, C of the
connected portions are equal.

Theorem 1. To achieve C2-smooth connection of the bicubic portions ®.(x, y)=ABCD
and ®.(x, y)=BMNC along the transverse joint BC, it is sufficient to ensure that the
longitudinal boundaries ABM and DCN are C2-smooth and that the first and second mixed
derivatives are equal at points B, C:

BRI BRI R o°D

1] — 2| 1] — 21, 10
axay |B axay |B axay |C axay |C ( )
o'®, o'o, 0'®, 0'®, an

6X28y2 |B: ax28y2 |B’ aXZayZ |C: aXZayZ |C ¢
Proof. The requirement for C2-smoothness of the band ®1+®2 means that at any point
of the joint BC the following equalities should be met:

oD, 0D,
ox  ox (12)
o’®d, 0D,
= 1
ox? OX? (13)

Let us consider condition (12). The cubic functions ¢,(y) = % @, (y) = included in

oD,
OX
(12) are uniquely determined by their values at the boundary points of the joint B, C, as well
) o og, oD, 0o¢, D, . .
as by the values of the first derivatives — = : = at these points. According
g oxdy oy Oxoy

to (10), these values coincide; therefore, the functions ¢,(y), ¢,(y)coincide along the joint BC.
Condition (12) is satisfied.

2 2
Let us consider condition (13). The cubic functions y,(y) = % w,(y)= aaqzz
X X
in (13) are uniquely determined either by their values and first derivatives at points B and C,
or by their values and second derivatives at these points. Therefore, to fulfill requirement

(13), in addition to the equality of the functions w;,(y), v,(y) at points B and C, we should

included




oy, 0, Oy, &0, o
oy ooy oy Xy’

Oy, o'®, Oy, 00,
8y2 - 6x28y2 ! ayz - 6x28y2
to (11), the second derivatives at points B, C coincide. According to the C2-smoothness
condition for boundary curves ABM and DCN, the values of the functions y,(y), w,(y) at

additionally ensure either the equality of the first derivatives r

the equality of the second derivatives at these points. According

points B and C also coincide. Therefore, the functions w,(y), y,(y) coincide along the joint
BC. Condition (13) is satisfied. The theorem is proven.

Let us construct a two-section C2-smooth bicubic band with the fixed transverse guides
AD, BC, MN and with the given gradients «;, a,,, a;, a; in the longitudinal direction (see Fig.
3). According to the condition of Theorem 1, the longitudinal boundary ABM formed by the
cubic parabolas AB and BM should be a C2-smooth compound curve (cubic spline). The same

requirement applies to the longitudinal boundary DCN. Let us consider an algorithm for
constructing a cubic spline with fixed end points (fixed tangents at the finite points).

4.1. Cubic spline with fixed end points

Points A(xo, Yo, Zo), B(x1, Yo, z1), M(x2, Yo, z-) are indicated in the vertical plane y=y, of
the Cartesian coordinate system xyz. A composite C2-smooth curve formed by the cubic
parabolas fi(x)=AB and f.(x)=BM (cubic spline) must be drawn through these points. The
slope angles «), «;, of the tangents to the constructed curve (“fixed end points”) are

indicated at boundary points A and M.
The condition for the C2-smooth connection of the parabolas fi(x) and f.(x) has the form
[11, 12]

6(z,-z,) 6(z,—-z2
h, Sy +2(hy, +h,,)S, +h,,S, = ( ;] ) - ( ;'1 o) ) (14)
2X X
where So, Si, and S. are the values of the second derivatives of the functions z=f,(x) and
z=f>(x) at the nodes A, B, and M. The designations hu=xi-xo and hox=x.-x; are used
hereinafter.
Condition (14) should be supplemented with the fixed end points conditions:

a-7 My So _hy S, =tga,,

h, 3 6 (15)
15

z,-7, h, h,, .

—2h2x L2 Ser—é3 S, =tgay, .

We find the values of So, S;, S. from the system of equations (14), (15) and substitute
them into the equations

0= 20 HS XY | & Sy B Sy e ]

6h1X X 6 hlx 6
S,(%,—x)*+S,(x=x)* ,z Sh z, S,h (16)
f,(x) == 6h2X2 +(E1—1T“)(X2—X)+(h—i—%)(x—xi), xe[x, %]

The computational algorithm of (14), (15), (16) makes it possible to find equations of a
cubic spline with fixed end points. If the spline is formed from m segments (m-1 junction
points), the specified algorithm will contain m-1 smoothness conditions of form (14) and m
equations of form (16).



4.2. Algorithm for calculating a bicubic tape
Let us construct a band consisting of m bicubic portions ABCD, BMNC, MKLN, ... (Fig.
4).

Fig. 4. Transverse guides of the bicubic band

We will assume that the equations of the frame transverse lines AD, BC, MN, KL, ... are
either preset or found according to (8). To solve the problem, 16m coefficients included in
equations (1) of connected portions must be calculated.

Step 1. We find the equations of the longitudinal boundaries of the band formed by
composite C2-smooth m-sectional cubic curves (cubic splines) using algorithm (14) ... (16).

Step 2. We create a system of 5m equations with (6). We supplement this system of
equations with four boundary conditions with (7) plane angles and 4(m-1) smoothness
conditions of (10) and (11) (see Theorem 1). We obtain a system of 9m linear equations, from
which we find gm coefficients.

Step 3. Using direct calculation by formulas (4) and (5), we find 7m coefficients included
in the equations of portions. Jointly with the previously found 9m coefficients, we obtain 16m
coefficients included in the equations of connected portions. The problem is solved.

Example 2
Let us construct a C2-smooth bicubic band passing through fixed transverse guides

AD=z,,(y)=25+1.7y-0.09y* -0.003y°, x=0, ye[0,10],
BC =z, (y)=5-y+0.255y*-0.008y°, x=10, ye[0,10], (17)
MN = z,,,(y) =2y -0.015y* -0.011y°, x=25, yel0,10].
Longitudinal gradients tga, =-0,4; tge) =17; tgea,, =-0,6; tgay =1 are set in the
angular points (see Fig. 3).
Solution

We will find the equation of the portion ®,=ABCD in form (1a). We will find the equation
of the portion ®.=BMNC in the form

CDZ(X, y) = boo + b01(y_ yo) + boz(y_ yo)2 +b03(y - yo)3 +

+[b10 +b11(y_ yo) +b12(y_ y0)2 +b13(y_ yo)a](x_ Xl) +

by, +10,, (Y = Y,) +b,, (Y~ YO)Z +b,,(y - yo)s](x - X1)2 +

+[b30 +b31(y_ yo) + bsz(y_ yo)2 + bsg(y_ yo)s](x_ Xl)sl Xe [X1| Xz]a y € [yo’ yl]a
where xo=y0=0, X1=Y,=10, X>=25.
Step 1. According to (14), (15), and (16), we find the equations for the segments of the

longitudinal boundary ABM connected at point B with C2 smoothness:
AB =1z, (X) = 2.5—0.4x+0.1285x> —0.00635x°, x<[0,10], y=Yy, =0,

BM = z,,, (X) =5+0.265(x —10) —0.062(x —10)* + 0.001474074(x-10)°, x€[10,25], y=y,=0.

(1b)



Similarly, we find the equations of the segments of boundary curve DCN connected at
point C with C2 smoothness:

DC =2z, (X) =7.5+1.7x-0.144x* +0.0024x°, x¢€[0,10], y=y, =10,
CN =7, (x) =12.5—0.46(x —10) —0.072(x —10)? +0.00536296(x -10)°, x e[10,25], y=y, =10,

Step 2. We make a system of ten equations of form (6) with respect to the unknown
coefficients ayj, bjj included in equations (1a), (1b) of the required bicubic portions:

a,hy, + a21h12x + a31h13x = Bac = Pro by;h,, + b21h22x + b31h23x = Bun = Pac

8,1, + 85,0 + 8,1 = ee 7o by, + 0500 + D1, = Y — Ve

ayhy, + a23hlzx + a33h13x = 0gc —Opp: bish,, + b23h22x + b33h23x = Oun — O (18)
ailhy + a12h5 + aishj = ﬂDC _IBAB’ buhy + blzhy2 + b13h3 = ﬁCN _IBBM )

aZlhy + a22h§ + azshj =%oc —Van b21hy + b22h§ + bzshj =%en — Ve -

HeI‘e, hy=y1'yo:10, h1x=X1'XQ=10, h2x=x2'x1=15-
We write down the plane angles condition:

o’d o°d o°D

6X5; IA: Ay =0, 6X5‘; |D:2a’12 +3hya13 =0, OX(?; |M:b11+2h2xb21+3h22xb31 =0,

20 (19)
2

X0y |y = 2by, +3h,by; +4h, b, +6h, h b, +6h; by, +9h7 h b, =0.
The system of equations (18) and (19) is supplemented by the requirements for a C2-
smooth connection of the bicubic portions ®,, ®. along the joint BC (see Theorem 1):

oD oD

axa; |B: 5X6; |B =a;,+ 2h1xa21 +3h12xa31 = b11’

0’0, 0D, 2 2

oxdy l.= o0y | = 2a, +3hya'13 +4h,a,, + 6h1xhya23 +6h;,a,, + 9h1xhya33 =2b, + 3hyb13’ (20)
o'd, o'd, 0'd, 0'0,

aXZayZ |B: axzayz |B = a'22 +3h1xa32 = b22’ axzayz |C: axzayz |C = a23 +3hlxa'33 = b33'

We obtained a system of eighteen equations (18), (19), and (20). We find 18 coefficients
from this system of equations:

a, =0;a, =0.063; a,, =-0.0042; a,, =—-0.0687; a,, = —0.001425;
a,, = 0.000557; a,, =0.00417; a,, = —0.0001425; a,, = —0.0000187,
b, =—0.123; b, = —0.00825; by, = 0.00133; b,, = 0.0564; b,, = —0.0057;
b,, =—0.000004; b,, =-0.002324(4); b,, = 0.000336(6); b,, = —0.00000653(3).
Step 3. We find the remaining 14 coefficients according to (4) and (5):
Qg = Xpg = 2,5; Q= :BAB =-0,4; Ay =7Vns = 0,1285; A = 5AB =-0,00635;
Ay =P =17, 8y =7 =-0,09; ay=0,, =-0,003;
Dy =gy =5, by = Pay =0,265; by, =y, =—0,062; b,, =3, =0,001474074;
by = Bec ==L By, =7gc =0,255; by = 5 =—0,008.
We determined all the coefficients of equations (1a), (1b) of the bicubic segments ®; and

®, with a C2-smooth connection. Figure 5 shows the grid of generators of the bicubic band
®,+®d, constructed according to (1a) and (1b).



Fig. 5. C2-smooth band (Example 2)

Example 3
Let us attach the section PADR with a horizontal guide PR located at a height of z=2.5 to
the two-section band ABCD + BMN considered in example 2 (Fig. 6a).

(b)
Fig. 6. Three-section C2-smooth band (Example 3):
a - boundary conditions; b - grid of generators

We will assume we are given the coordinates of the grid nodal points: xo=y0=0, x:1=y:=10,
X»=20, X3=35. The equations for the transverse guides AD, BC, MN are shown in example 2.
The equation for the guide line PR degenerates into the equation zpr =2.5. The longitudinal
gradients tga, =0.4; tgey, =—0.6; tgay =1, tga, =—1are set at the angular points P, M, N, R of
the constructed band.

Solution

Let us find the equations of the bicubic portions ®;=PADR and ®.=ABCD with (1a) and
(1b), assuming that xo=yo,=0, x;= y:=10, x»=20 and the equation of the portion ®;=BMNC in
the following form

D, (X, Y) = Co +Cor (Y — ¥o) +Coo (Y — yo)2 +Coe (Y — YO)3 +
+[C10 + Cll(y - yo) + Clz (y - yo)2 + C13(y - yo)S](X - Xz) +
H[Cyp +Cyy (Y = Vo) +Cpp (Y — YO)2 +Cyu(y - yo)a](x -X%,)*+

+H[Cyp +Cy (Y = ¥o) +Cop (Y — yo)2 +Cy(y - YO)B](X - Xz)s’ xe[X, X1,y elYor Wil
assuming that x;=35.

Step 1. According to algorithm (14) ... (16), we find the equations of the segments of the
longitudinal boundary PABM. We obtain a set of C2-smoothly connected cubic parabolas
satisfying the “fixed end points” conditions:

PA=z,,(x)=2.5+0.4x—0.08554053x" +0.004554053%x°, x€[0,10], y=y,=0,

AB = z,,(x) = 2.5+0.055405613(x —10) + 0.05108106(x —10)* —0.003162161(x —10)*, x [10, 20], (21)
BM = z,,, (X) =5+0.128378513(x — 20) — 0.04378370(x — 20)* +0.000866867(x — 20)°, x €[20, 35].

(1c)



Using the same algorithm, we find the equations for the segments of the longitudinal
boundary RDCN:

RD = 7., (X) = 2.5— x+0.2432432x* —0.009319729%%, x<[0,10], y=y, =10,

DC = 7, (X) = 7.5+1.0675675(x —10) —0.03648648(x —10)* —0.00202027027(x —10)°, X [10, 20], (22)

CN =7, (X) =12.5—0.2702702(x — 20) —0.097297306(x — 20)> +0.006206206(x — 20)°, X [20, 35].
Step 2. We make a system of 5m=15 equations of form (6) with respect to a;, b, and c;:
ailhlx + a21hlzx + a31h13x = ﬂAD _:BPRl b11h2x + bzlhzzx + b31h23x = :BBC _ﬁAD' C11h3x + C21h§x + Calh:x = ﬂMN _ﬂBC'
by, + 80, + 80 = Va0 = e Bl DL B = e —an, oM+ CNG - CN = Yy — e
ash, +a,uh +aghd =8,0 — 0w,  bhy, +0,0 +bhd =6, 6., Cuahy, +Chl +Ch =S — Fes
anhy + alzhy2 + amhf = ﬂRD - ﬁPAv bllhy + blth + bl3h3 = IBDC _ﬂAB’ Cuhy + Clzhy2 + ClShj = ﬂCN _ﬂBM )
aZlhy + azzhj + a23hj =¥ao — Voar b21hy + b22h§ + b23hj =¥pc — Vg CZlhy + szhj + C23h3 =¥Yen —Vam-

The values 3, 7, & included in (23) are determined according to (17), (21), and (22). For

example, it follows from (17) that g,, =1.7; y,, =—-0.09; J,, =—0.003. Line PR is a horizontal
segment, SO Sy =Yg =0pz =0.

We supplement the system of equations (23) with the conditions of form (7) (plane
angles):

(23)

o°D oD o’

8X5; |p:a11 =0, axa; |R:2312 +3hya13 =0, 2 |M:C11+2h3xC21+3h32xC31 =0,

20 (24)
= 6; N = 2Cy, +3h ¢y +4h c,, +6h, h ¢, +6hs cy, +9hsh ey = 0.

We write down 4(m-1)=8 smoothness conditions: the conditions for the equality of the
first mixed derivatives

R R
GXG'; |A: ax@; |A =a;+ 2h1xa21 +3h12xa31 = b111
Y A 6h ha.+6h2a, +9hh a. =2b +3hhb
8X8y |D_ 8X8y |D = a12+ ya13+ hlxa22+ hlx ya23+ hlxa32+ hlx ya33 - 12+ y~13?
(25)
2 2
e = e | = by, +2hy,b,, +3h22xb3l =Cy,
oxoy OXoy
R R
8x6; .= 8x8y3 |c = 2b, +3h b, +4h, b, +6h,h b, + 6h2 b,, + 9h22thb33 =2c,, +3h,Cys,
and the conditions for the equality of the second mixed derivatives
4 2 4 4
aq) aq}z |A:> a22+3hlxa32=b aq)l aq)z

1 _
ox2oy? Ih= X0y
o'o, o', o'o, o',
axzayzls_'axzay axzay2|°_'axzay
at the junction points A, D, B, and C (see Theorem 1).
We find 27 coefficients from the system of 27 linear equations (23) ... (26):

9 s a)(z@yz |D= 6x26y2 |D = ay +3hlxa33 = b33’
(26)

> |B = bzz +3h2xb32 =Cyp, > |c = b23 +3h2xb33 =Cg



a, =0;a, =-0.042; a,, =0.0028; a,, = 0.05115056; a,, =0.0027851339;
a,, =—0.00046123472; a,, = —0.0034150506; a,, = 0.000051486612; a,, = 0.000015123472;
b, =—0.0015050574; b, =0.029148637; b, = -0.0018876512; b,, =-0.073461158; b,, = 0.0043297322;
b,, = 0.00021407081; b,, =0.0046611663; b,, = —0.00037945959; b,, = —0.000007530569;
¢, =—0.07237831; c,, = 0.0019053939; c,, = 0.000134537; c,, =0.049650441; C,, = —0.0070540555;
C,, = 0.000155387535; c,, = —0.0020994592; c,, = 0.00038180195; C,, = —0.00001184626.
Step 3. We find the remaining coefficients using the formulas of (4), (5):
By, = oy = 2.5, &y = fop = 0.4; &y, = 7o, =—0.08554053; &, = 5,, = 0.004554053;
A, = Prr =085, = 7pr =0 853 =0z =0;
by, = s =2.5; b, = B,5 = 0.055405613; b,, = 7,5 = 0.05108106; b,, = 5, = —0.003162161;
by, = Bap =1.7; by, = ¥ 5 =—0.09; by; = 5,, = -0.003;
Coo = Agy =5; Cp = oy = 0.128378513; C,, = 7, =—0.043783701; c,, = 5, =0.000866867;
Co1 = Bac =—1 Cyp, = ¥ =0.255; ¢y = O =—0.008.

We determined all 48 coefficients of equations (1a), (1b), and (1c¢) of the bicubic portions
®,, O, and ®;. Figure 6b shows the grid of generators of the bicubic band ®=0+®,+ 5.

5. Bicubic surface

Let us construct a bicubic surface consisting of mn bicubic portions: m portions in the
longitudinal direction (along the x axis) and n portions in the transverse direction (along the
y axis). The longitudinal and transverse frame lines of the surface are formed by cubic
splines. We will assume that the constructed surface consists of n bicubic bands, each of
which consists of m bicubic portions. The bicubic bands should be C2-smoothly
interconnected (along the longitudinal lines of the frame). Let us consider the conditions for
the smooth connection of bicubic bands.

Let the bicubic surface consist of two bands (Fig. 7).

Fig. 7. Bicubic surface frame

Band @45 formed by the bicubic portions ®¢), ®3,...,®{ is bounded by the cubic splines
AoAi..Am and BoBi...Bm. B and ®pc formed by the bicubic portions ®g., % .. o is
bounded by the cubic splines BoB;...Bm and CoC:...Cn.

Theorem 2. To achieve C2-smooth connection of the bicubic bands ®45, ®pc along the
longitudinal joint Bo...Bnm, it is sufficient to ensure the equality of the first and second mixed

derivatives at the initial B, and finite B, points of the longitudinal joint in addition to the Cz2-
smoothness of the frame lines:



oy _cep  dely _oop
ooy " ooy ™ oxoy v oxay
4p® 4p® 4 () 4 ()
0 | =T, T0m ) 0 (28)
ox“oy” " Oxoy ox’oy’ ox*oy’
Proof. The requirement for the C2-smooth connection of bicubic bands means that the
following equalities are met at any point of the joint Bo...Bn

0D, 0Dy

(27)

’ 2
Y oy (29)
o’D,, D
5 2AB _ ayZBC ) (30)
Let us consider condition (29). The cubic C2-smooth composite functions
Pps (X) = 82;8 Poc (X) = ayBC included (29) are determined by their values at nodal points Bo,

2

B,, ..., Bn and the values of the first derivatives at finite points Bo, B, of the longitudinal

joint Bo...Bm. The numerical values of the functions ¢,;(X), . (x) at points Bo, By, ..., Bm are
equal to the tangents of the slope angles of the tangents to the transverse lines of the frame.
Due to the smoothness of the transverse lines of the frame, the values of the functions
?s(X), doc(X) at these points coincide. According to condition (27), the values of the
derivatives of these functions at the finite points B, and B, also coincide; therefore, the
functions ¢,;(X), ¢ (X) coincide along the joint Bo....Bn. Condition (29) is satisfied.

Let us consider condition (30). The cubic C2-smooth composite functions
2

oaL())
WAB(X):WZAB
2 A2

B, ..., B, and the values of the second derivatives %(
X

2
, Wec(X) = a;;f‘: included in (30) are determined by their values at points Bo,

() .
~) at boundary points Bo, Bin of the

longitudinal joint Bo...Bn. The values of the functions y,;(X), vy (X) at points Bo, By, ..., Bm

are proportional to the curvature of the transverse joints at these points. Due to the C2-
smoothness of the transverse lines of the frame, these values coincide. According to condition
(28), the values of the second derivatives of these functions at boundary points Bo, Bm also
coincide; therefore, the functions y,;(X), 4. (X) coincide along the joint Bo....Bn. Condition

(30) is satisfied. The theorem is proven.

5.1. Algorithm for calculating a bicubic surface

The calculation is reduced to calculating 16mn coefficients of the equations of the bicubic
portions forming the constructed surface. We assume that the surface consists of n
longitudinal bicubic bands, and each band consists of m bicubic portions. Each portion is
described by an equation of form (1).

Step 1. Using the algorithm from (14), (15), and (16), we find the equations of the
longitudinal and transverse lines of the frame (cubic splines).

Step 2. We make a system of 5m equations of form (6) for each bicubic band. We add
4(m-1) smoothness conditions for the band (see Theorem 1). We obtain 9m-4 equations. We
obtain n(9m-4) equations for n bands. We supplement the resulting equations with 4(n-1)
conditions (27), (28) for the smooth band connection (see Theorem 2), as well as 4 “plane



angles” conditions. We obtain the system of g9gmn linear equations used to find 9gmn
coefficients included in the equations of bicubic portions of the constructed surface.

Step 3. Using direct calculation of formulas (4) and (5), we find 7mn coefficients
included in the equations of portions. Along with the previously found 9mn coefficients, we
obtain 16mn coefficients included in the equations of connected portions. The problem is
solved.

Example 4
Let us construct a C2-smooth bicubic surface passing through points
A (0;0;2,5), A(O0;0;5), A,(25;0;0),
B,(0;10;7,5), B,(10;10;12,5), B,(25;10;7,5),
C,(0;20;7,5), C,(10;20;15), C,(25;20;10).

The gradients in the longitudinal and transverse directions are fixed at the angular points

Ao, Ag, Co, C2:
tgan, =—0.4; tge),=1.7; tga,, =—0.6; tgea),=0.5
tgag, =0;  tgag, =05 tgag, =1 tga, =0.

The longitudinal gradients tgeg, =1,7; tgag, =1 are given at boundary points Bo, B.. The
transverse gradients tga), =-1, tge?, =0 are given at boundary points A,, C; (Fig. 8a).

(b)

Fig. 8. Bicubic surface (Example 4): a - fixed frame; b - grid of generators

Solution
Step 1. Per (14), (15), and (16) we find the equations of the frame lines satisfying the
conditions of the problem.
The equation of the longitudinal boundary line A,A.A.:
AA =2.5-0.4x+0.1285x? —0.00635x°, x[0,10], y =1y, =0,

AA, =5+0.265(x —10) —0.062(x —10)? +0.001474074(x—10)?, x<€[10,25], y=y, =0. (31)
The equation of the longitudinal line BoB:B.:

B,B, =7.5+1.7x—0.144x? +0.0024x*, x€[0,10], y=y, =10,

BB, =12.5—0.46(x —10) —0.072(x —10)* + 0.00536296(x —~10)°, X [10, 25], y =y, =10. (32)
The equation of the longitudinal boundary line CoC:C:

C,C, =7.5+0.1575x> —0.00825x°, x[0,10], y=y, =20, (23)

C,C, =15+0.675(x—10) —0.09(x —-10)* +0.001518518519(x —10)%, x<[10,25], y= y, =20.
(31) ... (33) take into account that xo=yo=0, x;=10, x.=25.



Similarly, we find the equations of the transverse lines of the frame. The equation of the
transverse boundary line AoBoCo:

AB, =2.5+1.7y—0.1725y* +0.00525y°, ye[0,10], X=X, =0,

B,C, =7.5-0.175(y —10) —0.015(y —10)* +0.00325(y —-10)*, ye[10,20], x=X,=0. (34)
The equation of the transverse line A;B;C;:

AB, =5-y+0,325y° -0,015y°, ye[0,10], x=x =10,

B,C, = 2., (X) =12,5+(y —10) - 0,125(y —10)* + 0,005(y —10)°, ye[10,20], x=x, =10. (35)
The equation of the transverse boundary line A.B.C.:

A,B, =0.5y+0.0625y° —0.0375y°, ye[0,10], X=X, =25, 6

B,C, = 7.5+0.625(y —10) —0.05(y —10) +0.00125(y —10)°, y e[10,20], X=x, = 25.
The surface frame is fixed.
Step 2. The constructed surface consists of two bicubic bands ®4p and ®pc smoothly
interconnected along the joint BoB:B.. The band @43 is formed by the portions

CD(All)S =AABB, = Zzau (X_Xo)s(y_ y0)31 q)fEZ =AAB,B, = Zzbij (X_X1)3(y_ y0)3- (37)

i=0 j=0 i=0 j=0

The band ®pc is formed by the portions
3 3 3 3

cD(E:;L(): =B,BC,C, = chij (X— Xo)a(y - y1)3’ q)(;c) =BB,C,C, = szij (X— X1)3(y - yl)3' (38)
i=0 j=0 i=0 j=0

We make a system of 10 equations of form (6) for each band.
For the band @45 we obtain:

Ay, +aphy, +ayhy, = Bus — By, by,h, +0,15, + byl = Bre, = Bas,

ANy, + 8N + 8N = g — Ve, by, 1y, +10,,05, + D, = Ve, — Vg,

ashy, +a,h +a,h =8, —O4p . bishy, +0,:05, +byhs, =6, 5 — 6, (39)
A,y + My, + AN = o s — Bua bysby, + Bl + B, = Bos, — B,

a21|”l1y + azzhfy + a23hfy =Y —Van b21|"l1y + bzzhfy + b23|”lfy =7Yes, —Van-

Here, hix=x1-X0=10, hiy=y1-y0=10, and hox=x2-x:=15.
For the band ®p¢c we obtain:

Cllhlx + C21h12x + C31h13x = ﬂBlc1 - ﬁsoco J dllh2x + d21h22x + d31h23x = ﬂBZC2 - :Balq '

Cohy, + C22hlzx + C32hlsx =78c, ~ 7By, di,h,, + dzzhzzx + dszhgx =78, ~7Be,

Ciahhy, + C23h12x + C33h13x = 631c1 _550(:0 , dyh,, + d23h22X + d33h23x = 55202 - 53101’ (40)
C11hzy + C12hzzy + ClShgy = ﬁcoc1 - ﬂBOBl’ dlthy + d12h22y + d13h23y = ﬁclc2 - ﬁBle |

Cuhyy + C22h22y + C23h23y =7Yee, T VBg, dy,h,, + d22h22y + d23h23y =Ycc, ~Vpp,-

Here, hoy=10. The values g, y, § included in (39) and (40) are determined according to
(31)...(36). For example, it follows from (34) that g,, =1.7,y,, =-0.1725;5, , =0.00525.

We write down the smoothness conditions for each bicubic band (see Theorem 1). For
band ®sp, we obtain four conditions for a smooth connection of portions ®%,, ®? (the
equality of the first and second mixed derivatives at points A;, B:):



GROTY P2 2

6X8§/B |A1: GXG;B |A1 = a; +2h,a, +3h,a, =b,,

ol ool o o

oxdy |31= oxdy |31:> 2312 +3hlya13 +4hlxa22 + 6hlxhlya23 + 6|'11xa“32 +9h1xhlya33 = 2b12 +3h1yb13’ (41)
Fol ool Fol ool

X2y In= axzaysz |y = 8z +3N,85, =Dy, oxoy? ls,= ooy’ |5, = 85 +3hy, 855 = by

For band ®pc we also obtain four conditions for a smooth connection of portions

@), 2 (the equality of the first and second mixed derivatives at points B;, Cy):
o°DE) RIS
axa;C |Blz 8X5§/C |Bl = ¢y, +2h,C, +3h12xa31 =d,,,
o’y 0OR 2 2
axay |C1= aX(ay |C1 = 2ClZ + 3h2y013 + 4hlxa22 + 6hlthya‘ZS + 6hlxa32 + 9hl><h2ya33 = 2d12 + 3I”|2ydl3’ (42)
Fol oo Fol oo

=Cy +3hGC32 = dzzi

6x28y2 lBl_ Ox2 c2 |Bl 6x28y2 |<‘q_ 6X28y2 |01 = Cp3 +3N,Cg5 = .
We write down the conditions for the smooth connection of the bicubic bands ®45 and
®pc at the junction points B, and B. (see Theorem 2):
RO RO o' o'W
GX(?/;/B lo, = axﬁilc ls, = a, +2h,a, +3hfa,; =cy, axza;Bz ls, = axza;cz lo, = 8 +3M,8,5 = Cy,
22P? aZ(D(Z) , , , )
8X8/;/B |B2 = 0X0§/C |B2 =b,+ 2h1yb12 + 3hlyb13 +2h,, (by, + 2h1ybzz + 3h1ybzs) +3h;, (b, + 2hlyb32 + 3h1yb33) = (43)

= d11 + 2h2xd21 + 3h22xd31'

o'ol  o'ol

axza;Bz IB2 = axzailcz |B2 = b22 +3hlyb23 + 3h2xb32 + 9h2xhlyb33 = d22 + shzxdsz'
We write down the plane angles condition:
e

o’

ROy
6X—6§/B |A0 =a, =0, M |A2 =by, +h,b,, + 3h22xb31 =0, w |c0 =0y + 2h2y012 + 3h22y013 =0,
ax—a';c lc,=dy; +2h,,d;, +3h22yd13 +2h,,(d,, +2h,,d,, + 3h22yd23) +3h2 (d, + 2h, d,, +3h22yd33) =0.

The system of equations (39) ... (44) contains 36 equations with respect to 36 coefficients
aj, bij, cij, and djj included in equations (37) and (38). Solving this system of equations, we

obtain:
a, =0;a, =0.06; a,, =—0.0039; a,, = —0.0627; a,, = 0.0023175; a,, = 0.00012275; a,, = 0.00357; a,, = —0.00033425;

a,, = 0.00000647; b, = —0.183; b, = 0.006075; b, = 0.0004975; b,, = 0.0444; b,, = —0.00771; b,, = 0.000317;
b,, =—0.001702(2); b,, = 0.000409(2); b,, = —0.00002001(1); ¢, = 0.03; ¢,, =—0.057; ¢,, = 0.0037; c,, = 0.020475;
¢,, = 0.006; ,;, =—0.0005032 ; ¢,, = —0.0011725; ¢,, = —0.00014; c,, = 0.000015075; d,, = 0.08775; d,, = 0.021;
d,, =—-0.001842; d,, =—0.0147; d,, = 0.0018; d,, = —0.000051; d,, = 0.000478(8); d, = —0.000191(1); d., = 0.00001047(7).
Step 3. Using direct calculation of formulas (4) and (5), we find the remaining 28
coefficients included in equations (37), (38):
B = Ay, =258 = fp =—0.4; 8, =, , =0.1285, 8, =5, , =—0.00635; 8y, = f, 5 =1.7; 8y, = 7,5 =-0.1725;
8y, = 55, =0.00525; by =, =5;b = f,,, =0.265 by, = 7,, =—0.062; b, =5, =0.001474074; b, = B, =1;
by, = ¥ag =0.325; by = 5,5 =—0.015, Coy =g g =7.5,Cy = Bgg =1.7;C = 155 =—0.144; Cyy = 5 5 =0.0024;
Co1 = Pac, =—0.175; Cy, =y c, =—0.015;Cpy = J . =0.00325; dyy = g5 =12.5;d, = By 5 =—0.46;dyy = y55 =-0.072;
dyy = 8,5, =0.00536296(296); dy, = fy. =1; dy, = 75, =~0.125; dyy = ;. =0.005.
We determined all 64 coefficients included in equations (37) and (38). Figure 8b shows
the grid of the generators of the bicubic surface ®4p+®pc.



5.2. Private cases of a bicubic surface
The computational algorithm based on preliminary fixing of the surface frame is valid

when the frame is formed by a mixed set of cubic splines.
Example 5
The surface frame is set by the straight lines BoB:B- and A.B,C;. The surface boundaries

are set by the straight lines AoA1A>, AoBoCo, and A-B.C. and the cubic spline CoC;C- with the
longitudinal gradients tga¢ =tgag, =2 (Fig. 9a).

(a) (b)
Fig. 9. Bicubic surface on a frame of straight lines and cubic splines (Example 5):
a - fixed frame; b - grid of generators

We are given the coordinates of the following nodal points:

A, (0;0;5), A(10;0;5), A,(25;0;5),

B,(0;10;7,5), B,(10;10;12,5), B,(25;10;7,5),

C,(0;20;7,5), C,(10;20;15), C,(25;20;10).

Let us construct a C2-smooth bicubic surface satisfying the conditions of the problem.

Solution

We will assume that the constructed surface consists of the bicubic bands ®43 and ®pc

smoothly interconnected along the straight joint BoB.B.. Each band, in turn, consists of

bicubic portions (37), (38).
Step 1. We find the equations of the frame lines satisfying the conditions of the problem.

The equation of line AoA.As:
AA =AA =2(x)=5 xe[0,25], y=y,=0.

The equation of line BoB:B.:
B,B, =12.5-0.2x, x€[0,10], y=y, =10,

BB, =10.5-0.2(x—-10), x<[10,25], y=y, =10.

The equation of line AoBoCo:
AB,=5+0.75y, yel[0,10], x=X,=0,

B,C, =12.5+0.75(y-10), ye€[l10,20], x=X,=0.

The equation of line A,B,C::
AB, =5+0.55y, ye[0,10], x=x =10,

B,C, =10.5+0.55(y-10), y€[10,20], x=x =10.
The equation of line A>B.>C.:



AB,=5+0.25y, ye[0,10], x=x, =25
B,C, =7.5+0.25(y-10), ye[10,20], x=x,=25.
Following the algorithm in (14), (15), and (16), we find the equation of the C2-smooth
boundary curve CoC:C. with the gradients tga; =tgag =2:

C,C, =20+2x—-0.36x*+0.012x>, x€e[0,10], y=Yy, =20,
(0§ 2

C,C, =16-1.6(x—10)+0.09(x—10)* +0.0053(3)(x-10)*, xe€[10,25], y=y, =20.
Step 2. We write down the system of equations (39) ... (44) containing 36 equations for
36 coefficients ajj, bjj, cjj, and d; included in equations (37) and (38). In equations (39) and
(40) we substitute the values of the coefficients a, B, y, and 6 corresponding to the equations
of frame lines. For example, it follows from the equation of boundary line AoBoC, that
Qpg =9 ﬂAoBo =0.75; Yng, = 5%30 =0.
Having solved the system of equations (39) ... (44), we find 36 coefficients included in

equations (37), (38):
a, =0;a, =-0.021, a, =0.0019; a,, =-0.003; a,, =0.00315; a,, = —0.000285; a,, =0.0001, a,, =—0.000105;

a,, = 0.0000095; b, =—0.03; b, = 0.0105; b,, = —0.00095; b,, =0; b,, = 0; b,, =0; b,, =0.00004(4);
b,, =—0.000046(6); b, = 0.0000042(2); c,, =0.15; ¢,, = 0.036; C,, = —0.0029; C,, = —0.0255;
C,, = ~0.0054; ¢, = 0.000435; c,; =0.00085; C,, = 0.00018; c,, = -0.0000145; d,, = —0.105; d,, = —0.018;
d,, =0.00145; d,, = 0; d,, = 0; d,,, =0; d,, =0.00037(7); d,, = 0.00008; d., = —0.0000064(4).
Step 3. Using direct calculation of formulas (4) and (5), we find the remaining 28
coefficients included in equations (37) and (38):
Qg =pp =98 = ﬂ/AQA1 =0;ay = Van = 0; a5 = 5A0Al =0; ay, :ﬂAOBO =0.75, 8, = Vg, = 0;
g3 = Opp, =0 by =apn =50 =Bap =0ibyy =y,a =0ibyy =3, =0;by =B, =0.55
by, = Vas, = 0i 063 =045 =0;Cpy =g =12.5,C;p = By 5 =—0.2Cpp =55 =0;Csp =055 =0;
Co = IBBOCO =0.75; ¢y, = VB, = 0;Cp = 580(30 =0;dy = Opg, =10.5;d,, = ﬂslsz =-0.2;dy = VBB, = 0;
Ay = S5, =0 Aoy = By, =0.55;dy, = 7. =0; dgy = 5y, =0.
We determined all 64 coefficients included in equations (37) and (38). Figure gb shows
the grid of generators of the bicubic surface ®4p+®ac.
Example 6
The surface frame is set by a spatial quadrilateral with the angular points Ao(0; 0; 5),

As(25; 0; 5), Cao(25; 20; 20), and Co(0; 20; 5) and the straight guides BoB:B. and A;B,C; lying
in the vertical planes y=10 and x=10 (Fig. 10a).

(a) (b)
Fig. 10. Bicubic surface on a straight line frame (Example 6):
a - fixed frame; b - grid of generators



Let us construct a bicubic surface “stretched” on a given frame.
Solution
We will assume that the constructed surface consists of the bicubic bands ®4z and ®pc
smoothly interconnected along the straight joint BoBiB.. Each band, in turn, consists of
bicubic portions (37), (38).
Step 1. We find the equations of the frame lines.
The equation of line AoA.As:
AA =AM =2()=5, xe[0,25], y=y,=0.
The equation of line BoB:B.:
B,B, =5+0.3x, x€[0,10], y=y, =10,
B,B, =8+0.3(x-10), xe[10,25], y=Yy, =10.
The equation of line CoC:Ca:
C,C,=5+0.6x, x€[0,10], y=y, =10,
C,C,=11+0.6(x-10), x€[10,25], y=y, =10.
The equation of line AoBoCo:
AB,=B,C,=z(y)=5 ye€[0,20], x=x,=0.
The equation of line A;B:C::
AB, =5+0.3y, ye[0,10], x=x =10,
B,C,=8+0.3(y-10), ye[10,20], x=x =10.
The equation of line A.B.C.:
AB,=5+0.75y, ye[0,10], x=x, =25,
B,C, =12.5+0.75(y—-10), ye[10,20], X=X, =25.
Step 2. We write down the system of equations (39) ... (44) substituting values of the

coefficients a, B, y, § corresponding to the equations of frame lines. For example, it follows
from the equation of boundary line AoBoCo that a,, =5 8,5 =0;7,p =05, =0. Having

solved the system of equations (39) ... (44), we find the coefficients of equations (37) and

(38):
a,, =0;a, =0.0045; a,, = -0.00015; a,, = 0.0045; a,, = —0.000675; a,, = 0.0000225; a,, = —0.00015; a,, = 0.0000225;

a,, = —0.00000075; by, = 0.045; b, = —0.00225; b, = 0.000075; b,, =0; b,, = 0;b,, = 0; b,, = ~0.00006(6);
b,, =0.00001; b, = —0.0000003(3); ¢,, =0.045; c,, =0; C,, = —0.00015; C,, = —0.00225;
C,, = 0; ¢,; =0.0000225; c,, = 0.000075; c,, = 0; c,; =—0.00000075; d,, = 0.0225; d,, = 0;
d,, =0.000075; d,, =0; d,, =0; d,, = 0; d, =0.00003(3); ds, = 0; d,, = —0.0000003(3).
Step 3. Using direct calculation of the formulas (4) and (5), we find the remaining 28
coefficients included in equations (37) and (38):
Qg = A =58, :ﬂAOA1 =0; ay =7 nn =0; ay :5A0A1 =0; aOl:ﬂAOBO =0; ay, =7 B, =0;
Ay = 5/3080 =0; boo =Qpp = 5; blO = ﬂAiAQ =0; bzo =Van = 0; bso = 5A1A2 =0; b01 = ﬂAlBl =03
by, = Vag = 0; by, = 5A131 =0;Cyo = Ogp = 5; €y = IBBOBl =0,3,Cy = VBB, = 0; ¢y = 55031 =0;
Co = IBBOC0 =0;Cy, = VB, = 0; Cp = 5Boco =0;dy, = Qpp, = 8,d,, = ﬁBlBZ =0,3;d,, = VeB, = 0;
d30 = 53132 =0; d01 = ﬂBlCl =03, doz =7sc, = 0; d03 = 53101 =0.
We determined all the coefficients included in the equations of bicubic portions (37) and
(38). Figure 10b shows the grid of the generators of the bicubic surface ®sp+®pc. The
resulting surface slightly differs from the oblique plane AcA.C.C,. For example, at x=6, y=4,

the elevation marks of the points on the bicubic surface and on the oblique plane are
z=5.623232 and z=5.720, respectively, differing by 1.7%.



6. Software

Matrix calculations (solving the systems of linear equations) were performed using the
freely distributed software SMath Studio. The grid of the bicubic surface generators was
calculated and visualized in all examples using the AutoLISP programming language in the
AutoCAD environment [13]. The transparency of the examples is ensured by indicating the
numerical values of all the calculated magnitudes with an accuracy of nine significant figures.

~. Discussion

We aimed to avoid the classical idea of a composite bicubic surface as a set of bicubic
portions meeting certain conditions for the border of a surface (incidence of given points,
fixed gradients, etc.) and for the smooth interconnection of portions.

Our proposed approach creates a surface frame made of algebraic cubic splines.
Constructing a cubic spline that interpolates a given set of points is a trivial task which was
fully solved in the second half of 20th century [14, 15]. The work of Kazan mathematicians
Kornishin M.S. et. al [16] is noteworthy in Russian literature.

A distinctive feature of the proposed algorithm for calculating a composite C2-smooth
bicubic surface consists in the conventional decomposition of the constructed surface into
separate bicubic tapes bounded by longitudinal frame lines. Calculating a tape is much easier
than calculating a surface [17]. We believe that this approach, which divides the problem into
simple calculation blocks, is most consistent with engineering practice.

The proposed algorithm was illustrated with 3D surface models. As P. Bezier said, the
widespread use of some systems is adversely affected by the fact that, despite the
sophistication of applied mathematical methods, users have difficulty in their assimilation
[8]. One method to overcome these difficulties is to demonstrate the applied methods and
algorithms based on specific examples, as we did in this article.

8. Conclusion

The paper proposes an algorithm for calculating a composite bicubic surface with a
continuous change in curvature stretched on a fixed frame. In the proposed algorithm, the
problem is divided into two stages: first, the frame equations are found, and then the
coefficients included in the equations of the bicubic portions forming the bicubic surface are
calculated. According to the specified boundary conditions, the frame lines are described by
cubic splines with fixed end points.

This approach to modeling a bicubic surface reduces the size of the characteristic matrix
of the system of linear equations with respect to the coefficients included in the bicubic
surface equation. The matrix size is reduced from 16mn to 9gmn, where m and n are the
number of bicubic portions along the x, y axes. Surface visualization is reduced to building a
grid of longitudinal and transverse generators, the equations of which are formed from the
bicubic surface equation by substituting y=const (longitudinal generators) or x=const
(transverse generators).

References

1. Udler E. M., Tostov E. Design of tent shells // CADmaster #1(6) / 2001, pp. 43—47.

2. Kirichkov I.V. Refraction of the fold category through the prism of architecture //
Architecture and Design. - 2018. — # 3. — P. 1—11. DOI: 10.7256/2585-7789.2018.3.29422

3. Jarke J.V. Bicubic patches for approximating non-rectangular control-point meshes / /
Computer Aided Geometric Design. - 1986. - Vol. 3, # 1. - P. 456-459.



4. Levner G., Tassinari P., Marini D. Simple general methods for ray tracing bicubic
surfaces // Theoretical Foundations of Computer Graphics and CAD. — New York: Springer-
Verlag, 1988. — P. 805—820.

5. Fox A., Pratt M. Computational geometry. Application in design and production.
Moscow: Mir, 1982. 304 p.

6. Panchuk, K. Spline Curves Formation Given Extreme Derivatives / K. Panchuk, T.
Myasoedova, E. Lyubchinov. - Mathematics 2021, 9(1), 47.
https://doi.org/10.3390/math9010047

7. Gallier, J. Curves and Surfaces in Geometric Modeling: Theory and Algorithms;
University of Pennsylvania: Philadelphia, PA, USA, 2018; P. 61—114.

8. Bezier P. Geometric methods // Mathematics and CAD. Vol. 2. Moscow: Mir, 1989. P.
96—257.

9. Korotkiy V.A. Irregular curves in engineering geometry and computer graphics //
Scientific Visualization, 2022. Vol. 14, No. 1. P. 1—17. DOI: 10.26583/sv.14.1.01

10. Korotkiy V.A. Cubic curves in engineering geometry // Geometry and Graphics. —
2020. Vol. 8, No. 3. — P. 3—24. — DOI: 10.12737/2308-4898-2020-3-24

11. Shikin E.V., Plis A.I. Curves and surfaces on a computer screen. User guide to splines.
Moscow: Dialog-MEPhI, 1996. 240 p.

12. Golovanov N.N. Geometric modeling. Moscow: DMK-Press, 2020. 406 p.

13. Gotovtsev A.A. Autodesk alias: where to start? // CADmaster #5 (66) / 2012, P. 42—

44.
14. 318 c. Ahlberg J., Nilson E., Walsh J. The theory of splines and their applications.

Moscow: Mir, 1972. 318 p.

15. C. de Boor. A practical guide to spline. Moscow: Radio and Communication, 1985. 303
p.

16. Kornishin M.S., Paimushin V.N., Snigirev V.F. Computational geometry in problems
of shell mechanics. Moscow: Nauka, 1989. 208 p.

17. Korotkiy V.A, Usmanova E.A., A bicubic tape surface // Omsk Scientific Bulletin.
2023. #. 2 (186). pp. 19—27. DOI: 10.25206/1813-8225-2023-186-00-00.


https://doi.org/10.3390/math9010047

	1. Introduction
	2. Problem statement
	3. Bicubic portion
	4. Bicubic band
	4.1. Cubic spline with fixed end points
	4.2. Algorithm for calculating a bicubic tape

	5. Bicubic surface
	5.1. Algorithm for calculating a bicubic surface
	5.2. Private cases of a bicubic surface

	6. Software
	7. Discussion
	8. Conclusion
	References

