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Abstract 
Scientific visualization has taken a strong place among data analysis tools. Indeed, after 

all, its methods help not only to visualize the flow, but also to distinguish its main structures, 
to compare them, etc. The paper present application of visualization methods to analysis and 
comparison of a streamwise supersonic tip vortex pair interaction at the Mach number of the 
incoming flow M∞ = 3. Maximum vorticity and the λ2 criterion were used for this purpose. A 
pair of supersonic vortices was generated by two coaxial straight wings with sharp front, side 
and trailing edges. Two configurations are considered: a pair of counter-rotational vortices 
and a pair of co rotational vortices. In the first case, the attack angle of the wings was +10°, in 
the second - the attack angle of one wing was +10°, of the second - 10°. Numerical data were 
obtained in the region of 10 wing chords downstream from the wing axis using a numerical 
model based on URANS equations with the turbulence model SA. Numerical simulations 
were carried out on the K-60 hybrid supercomputer system at the Keldysh Institute of 
Applied Mathematics of the Russian Academy of Sciences using the developed ARES software 
package for modeling 3D turbulent flows on high-performance computer systems. The main 
simulations were performed using 224 processors. Simulations were carried out on 
unstructured grids with hexagonal cells. The paper also shows an example when commonly 
used visualization methods application leads to some ambiguousness, because they give false 
additional vortex zones.   

Keywords: supersonic flow, vortex identification, supersonic tip vortex, vortex pair, 
scientific visualization tools. 

 

Introduction 
In the modern world with widely and actively developing technologies, there is a high 

interest in the development of supersonic aircraft both in the military and in the civil 
aviation. In particular, an important task of aerodynamics is to study a pair of tip vortices, 
since various vortex structures are formed during the flight of any aircraft on the edges of 
various aircraft elements, including wings. The vortex wake hazard of any aircraft for the 
following aircraft is well known [1]. Furthermore, a vortex wake risk to get on other 
downstream elements of the aircraft especially in the supersonic modes. It can also get fall 
into combustion chamber of propulsion system [2]. All of the above can affect the movement 
and control of the aircraft up to the complete loss of its control. Subsonic tip vortices have 
been studied quite well, while supersonic vortices need further study under various regimes. 

Special visualization methods of vortex flows, in particular, are used for post-processing, 
analysis and comparison of the obtained data. The corresponding extensive reviews were 
made, for example, in [3-7]. 

In this paper the comparing results of supersonic tip vortex pair propagation by the 
scientific visualization methods are presented. Two pair configurations were considered: 
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counter-rotating and co-rotating. The method of maximum vorticity and the λ2 criterion for 
visualization of vortex structures were used in the process of analysis and comparison.  

The authors are engaged in a comprehensive study of the particular problem - the 
problem of propagation, development and interaction of supersonic tip vortices. Scientific 
visualization methods are one of the tools used by the authors in their work, and not the 
subject of study. For the first time, the authors used the methods of scientific visualization in 
[8]. Thus, the authors do not aim to compare and study the methods of scientific 
visualization, but only apply them in their research.  

Of course, scientific visualization is an important stage of data research, allowing for their 
analysis. However, do not forget about the limitations associated with the use of scientific 
visualization methods. Below we will give an example of data, when the application of the 
already mentioned λ2 method, as well as the Q method leads to the appearance of an "artifact" 
vortex and gives a false picture of the flow. 

Problem Statement 
Visualization methods were used to perform a comparative analysis of data obtained by 

numerical modeling of a counter- and co-rotating supersonic vortex pair at the Mach number 
of the incoming flow M∞ = 3. The attack angles of the wing-generators to the incoming flow 
for the case of counter rotation were 10°, and for the case of co-rotation, the attack angle of 
the one wing was 10°, and of the other was -10°. 

The flow behind two coaxial wings with sharp leading, trailing, and side edges and with a 
diamond-shaped base was numerically investigated and compared (fig.1). The wings were 
attached by the base to the walls which are parallel to the flow direction. The model 
configuration of the case of a counter-rotating pair completely coincides with the one 
described in [9]. The model configuration for the case of a co-rotating pair differs by rotating 
one of the generator wings to the position -10 ° to the incoming flow (wing 1 was rotated, 
fig.1). 

A unit of length was taken L = 1 m. Density and pressure were non-dimensionalized by its 
free stream values [10]. The dimensions of the numerical domain were as follows: Lx = 0.35, 
Ly = 0.225 and Lz = 0.2. The geometry of the used wings was the same for the both 
configurations considered: the chord of each wing was equal to b = 0.03, half-span of the first 
wing was l1 = 0.075, of the second one was l2 = 0.095. The thickness of the diamond-shaped 
base of the both wings was equal to h = 0.004. The distance between the tip chords of the 
wings was l3 =0.03. So the width of the area between the walls was H = 0.2. The x axis was co-
directed to the incoming flow. The z axis coincided with the common axis of the wings. The y 
axis was directed from the leeward side of the wings to the windward side (it implies the sides 
of the counter-rotation case or of the second wing, the rotation of which remains unchanged 
for both considered cases). The length of the numerical domain under consideration was up 
to 10 wing chords downstream from the common axis of the wings. The Reynolds number in 
simulation was ReL = 1 × 107. 

Numerical Simulation 
Numerical modeling was carried out on the supercomputer K-60 at the Keldysh Institute 

of Applied Mathematics of the Russian Academy of Sciences [11] using the software package 
ARES developed by the authors [12] for calculating three-dimensional turbulent flows of 
viscous compressible gas on high-performance computing systems. The numerical method is 
based on the solution of unsteady Reynolds averaged Navier-Stokes equations (URANS) with 
the Spalart-Allmaras turbulence model [13, 14]. The finite volume method was used with 
reconstructions of the 2nd (TVD) and of the 3rd (WENO) orders for space discretization of 
the equations. The temporal approximation was performed on the basis of an explicit scheme. 
The numerical algorithms are described in more details in [15]. An unstructured hexagonal 
mesh was used for simulations. The mesh consisted of 25,774,200 cells for the case of a 



counter-rotating vortex pair and of 35,763,750 for a co-rotating pair. The mesh was fined in 
the zone of vortices formation and propagation for better resolution of vortex structures. The 
difference in the number of cells is due to the mesh rearrangement and to the fact that in the 
first considered case mesh refinement was carried out on one side of the wings, and in the 
second – on both sides according to the location of the tip vortices. Simulations were carried 
out on 224 processors.  

 

 
Figure 1. General model scheme: counter-rotating case 

Vortex Visualization 
A separate post-processing data simulation module was developed for determining, in 

particular, vortex structures for hexagonal grids within the developed software package. Same 
scientific visualization methods were fully implemented in it. Among them, the maximum 
vorticity method and the λ2 method are realized. The module generates data of vortex 
structures in the format of the Tecplot software package, which is used for further 
visualization of numerical simulation results.  

Despite the fact that there is still no unambiguous definition of a vortex [7, 16, 17], the 
definition of a vortex as the rotational motion of matter particles around the center is 
intuitively clear. The measure of this movement is the vorticity. The vorticity of the flow is 
defined as the vector product 𝛚 = ∇ × 𝐮 that is the curl of velocity u. 

The velocity gradient tensor ∇𝐮 can be decomposed into symmetric and antisymmetric 
parts like  
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where S and Ω are the strain-rate and vorticity tensors of the flow respectively. 

λ2-method  
The λ2-method (or criterion) of vortex identification was proposed in [18]. According to 

this criterion, the vortex flow region is determined based on the analysis of the eigenvalues of 

the always real symmetric matrix A = S2+Ω2. 
According to this method the vortex region is considered to be the part of space in which 

the second eigenvalue 𝜆2(A) < 0 (𝜆1 ≥ 𝜆2 ≥ 𝜆3). This method is quite widespread and is often 
used in data processing. Under adiabatic conditions, this criterion guarantees an 
instantaneous pressure minimum in a two-dimensional flow [16]. 

Maximum vorticity method  
The maximum vorticity method was proposed in [19]. It is based on one of the definitions 

of vortex flow and consists in detection the local maximum of the vorticity vector modulus 
|ω| = |∇ × u| in the plane which is perpendicular to the direction of this vector. This method 
allows to determine the exact axis of the streamwise vortex in the case of sufficient resolution 
of the computational mesh. 



Visualization methods application results 
In this part of the paper the results of the analysis and comparison of the mentioned 

numerical data by visualization methods are presented.  

Counter-rotating supersonic vortex pair  
The application of the λ2 and of the maximum vorticity visualization methods of vortex 

structures to the considered configuration of counter-rotating supersonic vortex pair was 
demonstrated in [9]. Let's repeat the main results here.  

The λ2-method makes it possible to determine a zone of the vortex flow. In our case it is 
the vortex cores. The results of its application to the counter-rotating supersonic vortex pair 
are shown on fig. 2, on which the isosurfaces of λ2 = -600 are visualized. 

 

 
Figure 2. The application result of the λ2 visualization method to a pair of  

counter-rotating supersonic tip vortices, isosurface of level λ2 = -600 (yellow-green) 
 
Figure 3 shows the lines of the level λ2 = -600 in sections that are perpendicular to the 

incoming flow direction: x = 0.1 (blue circle), x = 0.2 (green circle), x = 0.3 (black circle). 
There is an increase in the diameter of the vortex core as it moves downstream from the wing-
generators axis.  

The displacement of counter-rotating supersonic vortices to leeward is noted, which 
correlates with the data of other authors [20] and with dynamics of line vortices in two-
dimensional incompressible flow [21], and their repulsion from each other downstream from 
the wing axis at the considered distance is also noted.  

 

 
Figure 3. Lines of level λ2 = -600 in cross-sections x = 0.1 (blue line), x = 0.2 (green line), 

 x = 0.3 (black line), counter-rotating vortices 
 
The application result of the maximum vorticity method to the counter-rotating 

supersonic vortex pair is shown on figure 4, it defines the axes of the vortices.  
 



 
Figure 4. Axes of counter-rotating supersonic vortex pair determined by the  

maximum vorticity method (red lines) 
 
Figure 5 shows plots of the vertical coordinate y of the axes and the variable S (the 

distance between the coordinate z of the vortex axis and the tip chord of the corresponding 
generator wing) for the counter-rotating vortex pair. These plots, as well as fig. 3, 
demonstrate the displacement of the axes of the vortices. 

 

 
Figure 5. Axis coordinates of counter-rotating vortices: y (left) and S (right). 

 
Figure 6 shows the results of the scientific visualization methods superposition: of the 

maximum vorticity and of the λ2-criterion that were applied to the counter-rotating 
supersonic vortex pair: the red lines of the vortex axis are located inside the yellow-green 
vortex core (isosurface λ2 = - 600). Both methods show correlated results and complement 
each other. 

 

 
Figure 6. The superposition result of the axes of the counter-rotating vortex pair (red lines) 
found by the maximum vorticity method and of the vortex core obtained by the λ2 method, 

isosurface of level λ2 = -600 (yellow-green) 



Co-rotating supersonic vortex pair  
Further, the applying results of two mentioned visualization methods to a co-rotating 

supersonic vortex pair present in the paper.  
Figure 7 shows the region of vortex propagation determined by the λ2 visualization 

method where the isosurfaces of λ2 = -600 are displayed.  
 

 
Figure 7. The applying result of the λ2 visualization method to a pair of co-rotating  

supersonic tip vortices, isosurface of level λ2 = -600 (yellow-green) 
 
Figure 8 shows the lines of the level λ2 = -600 in cross sections x = 0.1 (blue line), x = 0.2 

(green line), x = 0.3 (black line) which are perpendicular to the main flow direction. The 
diameter of the vortex cores increases downstream from the generator wings. 

 

 
Figure 8. Lines of level λ2 = -600 in cross-sections x = 0.1 (blue line), x = 0.2 (green line),  

x = 0.3 (black line), co-rotating vortices 
 



 
Figure 9. Axes of co-rotating supersonic vortex pair determined by the maximum vorticity 

method (red lines) 
 

 
Figure 10. Axis coordinates of co-rotating vortices: y (left) and S (right). 

 
The result of determining of the co-rotating supersonic vortex pair axes obtained by the 

maximum vorticity visualization method of vortex structures is shown in fig. 9. 
Figure 10 shows plots of the displacement of the axes of the co-rotating supersonic vortex 

pair. It shows the change of the vertical coordinate y and of the variable S (the distance 
between the z coordinate of the vortex axis and the tip chord of the corresponding generator 
wing). 

 

 
Figure 11. The superposition result of the axes of the co-rotating vortex pair (red lines) 

found by the maximum vorticity method and of the vortex core obtained by the λ2 method, 
isosurface of level λ2 = -600 (yellow-green) 

 



Thus the circular displacement of co-rotating supersonic vortices in the direction that 
coincides with the direction of vortices rotation is noted (fig. 8, 10). This correlates with the 
data of other authors [22] and with the dynamics of line vortices in two-dimensional 
incompressible flow [21]. Their simultaneous divergence from each other is also noted. 

Figure 11 shows the joint position of the axes of the co-rotating supersonic vortex pair 
determined by the maximum vorticity visualization method (red lines) and of the vortex cores 
determined by the λ2 criterion (yellow-green isosurfaces λ2 = -600). The application results of 
both scientific visualization methods are in good agreement with each other. 

Example of erroneous definition of vortex structures 
Since our working group is engaged in various studies in the field of supersonic vortices 

propagation and interaction, one day we came across a problem where the visualization 
methods we used earlier, namely the λ2 method, gives false vortex zones: it gives the presence 
of an artifact second vortex. 

 

 
Figure 12. The applying result of the λ2 method to the problem of energy input upstream 

from the wing generator, isosurface of level λ2 = -600 
 

 
Figure 13. The applying result of the λ2 method to the problem of energy input upstream 

from the wing generator, isosurface of level λ2 = -600, zoom on near distance 
 
We are talking about the problem of energy input upstream from the wing generator. The 

applying result of the λ2 method to this problem is shown on the next figures (fig. 12, 13). 



Obviously, there is a visible appearance of a second vortex, which then merges with the main 
one. 

 

 
Figure 14. The applying result of the Q method to the problem of energy input upstream 

from the wing generator, isosurface of level Q = 70 
 

 
Figure 15. Density distribution and streamtraces in cross-section x = 0.1 

 
The application of the Q scientific visualization method (described in [23]) gives a similar 

result (see fig. 14). This method, as well as the λ2 method, is expressed in terms of matrices S 
(strain-rate) and Ω (vorticity tensors) and under the assumption of incompressible flow is:  

𝑄 =
1

2
(‖𝛀‖2 + ‖𝐒‖2) 

that is a measure of the local rotation rate in excess of the strain rate. Hence, a vortex 
region is defined at 𝑄 > 0. 

However, additional studies show that there is no second vortex. This can be seen on the 
example of figure 15, which shows the density and streamtraces in a cross section x = 0.1 
located approximately in the middle of the "false double vortex" zone. 

The authors do not aim to thoroughly investigate and describe the mentioned above task 
in this work, as well as to describe all scientific visualization methods, and only aim to show 
the case of the inapplicability of the mentioned visualization methods. 

However, not so long ago, a new visualization method of vortex structures called Rortex 
appeared [24]. Later it was renamed Liutex in honor of one of the authors [25]. This method, 
unlike the others, excludes shift terms and takes into account only rotational ones. Its 



application to the mentioned problem of an energy source in front of a wing generator will be 
the subject of our further research. 

Conclusion 
The results of the analysis and comparison of a supersonic vortex pair interaction by 

scientific visualization methods at the Mach number of the incoming flow M = 3 are reflected 
in the paper. Two methods were used: the λ2 criterion and the maximum vorticity method. 
Two configurations are considered: pairs of counter- and co-rotating vortices. 

For numerical simulations of the analyzed data, the developed software package ARES for 
simulating three-dimensional turbulent flows was used. Simulations were carried out on 224 
processors on the hybrid supercomputer system K-60 at the Keldysh Institute of Applied 
Mathematics of the Russian Academy of Sciences. 

It is found that in both cases the vortices are longitudinal cone-shaped structures whose 
diameter gradually expands as they move downstream from the axis of the generator wings.  

The axes of vortices are determined by the scientific visualization method of maximum 
vorticity. After the nonmonotonous zone associated with the vortex formation zone, the 
displacement of the vortices for both considered cases at the considered distances is shown. 
For the case of counter-rotating vortices, their displacement to the leeward side of the 
generator wings and their slight divergence from each other is observed. For the case of co-
rotating vortices, the rotation of the vortices around each other in the direction coinciding 
with the direction of rotation in the vortex core is observed. Thus, there is a mutual influence 
of vortices on each other during their joint propagation. 

These methods of scientific visualization perform well in many tasks. However, do not 
forget about the limitations associated with their use. So, in the course of our research, we got 
a case when the above methods do not work, i.e. they give an artefact vortex zone. 
Nevertheless, one of the latest visualization methods (Rortex or Liutex) seems promising and 
its application will definitely become one of the topics of our further research. 
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