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AnHoTanusa

B cratbe paccmaTpuBaeTcsa MeTOJ, KOHCTPYUPOBAHUSA JIMHENYATHIX TIOBEPXHOCTEN, OCHO-
BaHHBIM Ha BBIJIEJIEHUN HX U3 BJUIHUIITHYECKOU JUHEHHOW KoHrpysHiuu (DJIK), 3amanHOM
YeTHIPhMs CKPEIINBAIOIINMUCS MPSAMBIMH WJIN KOJUIMHEAPHBIM COOTBETCTBUEM ILJIOCKUX I10-
sen. IIpennokeH NpOeKTUBHO-TpapUUECKUU aJITOPUTM ITIOCTPOEHUS BEIECTBEHHON MPAMOMH,
nepecekaroneid MHUMbIe upekTpuchkl JIK. AJropuT™M OCHOBaH Ha MCIIOJIb30BAHUM Tpadu-
YecKoro n300paKeHusi MHUMBIX TOUEK B BUJIE CIIEIUATIBHOTO MapKepa, MO3BOJIAIOIIETO IIPH
BBITIOJIHEHUY KOHCTPYKTUBHBIX IOCTPOEHUN UCII0JIb30BaTh MHUMbIE TOUKU HapaBHE C Bellle-
CTBEHHBIMH TOUKaMU. Briziesienre nmopepxHoctu u3 JJIK cBoguTcs K MHOTOKPAaTHOMY IIPH-
MEHEHUIO aJITOPUTMA.

JlokazaHa TeopeMa O CyIIECTBOBAaHUHU IIy4YKa IJIOCKOCTeH, MepeceKalouX JUHEUUaTyI0
ajireOpanvecKyro IMMOBEPXHOCTD MOpsaka k+2 mo anrebpamyeckuM KpUBBIM Mopsiika k (Teo-
peMma 1). Teopema mo3BoOJIsIET KOHCTPYHUPOBATh KapKac ajrebpanyecKkoil MOBEPXHOCTU YeT-
BEPTOrO MOPA/IKA U3 NPAMBIX JUHUU U KPUBBIX BTOPOTO MOPSAAKA.

[IpenyioxkeHbl BapUAHTHI Mepexoia OT JIMHEMHOW KOHTPYSHITUM, 3aJJaHHOU YEeThIPHMSI
MPAMBIMU, K TOK/IECTBEHHOU KOHTPYHIIUH, 33[JaHHON KoJUTHHeapHbIMU nosisamu [1—I1'. Ta-
KOU Ilepexo/] M03BOJIsAeT PEIUTh MPAKTUYECKU BaXKHYIO 33/1a4y KOHCTPYUPOBAaHUA JINHeUYa-
TON IOBEPXHOCTH, IPOXO/IAIIEN yepe3 /IBa KOHUUeCKUX ceueHus. /[okaszaHa Teopema cylije-
cTBOBaHUs KosunHeanuu [1—I1', 3amanHoi HauepyeHHbIMU B oJiAX I1, I1' kpuBbIMU BTOPO-
ro ropsizika (Teopema 2).

Paccmorpena aByxoceBas JIMHe4aTas IOBEPXHOCTh ¢ 00Pa3yrIUMU TOCTOSIHHOMN /JIH-
Hbl. [TokazaHo, YTO Takas MOBEPXHOCTb BbIJleisAeTcA U3 JMHEHHOU KOHTPYSHIIUM C Bellle-
CTBEHHBIMH OCSIMU IIOTPYK€HHEM B Hee HAIIPaBJIAIOIIETO 3JJINIICA, SKCIEHTPUCUTET KOTOPO-
rO OJIHO3HAYHO OIMpeesseTcs BEJIMYUHON yIyia MeX/Iy OCSIMHU KOHTPYSHIUU (TeopeMa 3).
TexHOJIOTYECKOE MMPENMYIIECTBO MOIOOHBIX TOBEPXHOCTEMN, ITO3BOJIAIOIEE PEKOMEH/I0BATh
VX /1711 YCIIOJIb30BAHUS B APXUTEKTYpPe U CTPOUTEJIHCTBE, 3aKJII0UYAETCA B TOM, YTO OHU MOH-
TUPYIOTCA U3 MPSAMOJIMHENHBIX OAJIOK UK CTEP:KHEHN OJHOTO TUIIOpa3Mepa.

[IpencraBieHbl MPUMeEPHl KOMIIBIOTEPHON BU3yaIM3aliU JUHENUATHIX ITIOBEPXHOCTEN C
MHHUMBIMH U BEIECTBEHHBIMU TUPEKTPUCAMHU.

KiaroueBbie ciioBa: JIMHEWHas KOHTPYSHIIMs, MHHMBbIe ajrebOpamyeckue 3JIEMEHTHI,
MapKep MHHUMBIX TOUEK, HAIpaBJISIOIIAs KpWBas, JUHeHJaTas KBAJPUKA, KOJUTUHEAPHbIE
TOJIA.

1. BBegenue

JluneitHo! KoHTpysHIMed Kr(u, v) Ha3bIBAIOT JBYXIIapaMeTPHUYeCKOe MHOXKECTBO IIps-
MBIX, IIEPeCEeKAIONUX Hamepes] 3aJJaHHble CKPEIUBAIOIINECS MPSAMBIE U, U (IUPEKTPUCHI KOH-
rpysHIun). JIUpeKTpuchl MOTYT OBITh BeIECTBEHHBIMU Pa3IUUYHBIMH (TuUepOoIrUecKast
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JmHelHas KoHTpysHIus, [VIK), BemecTBEHHBIME COBIAIAIOIIUMU (Tapabosimyeckast JUHEN-
Hast KOHTpyaHIus, [1JIK) niun MHUMBIMU KOMILJIEKCHO COTPSI?KEHHBIMU (QJUTUNITHYECKAS JTU-
HeliHas1 KOHTpysHIusA, DJIK).

OnuH U3 METOZ0B KOHCTPYUPOBAHUSA JUHEUUATHIX IOBEPXHOCTEN COCTOUT B BBIJEJIEHUU
VX U3 JIMHEWHOU KOHTPYSHI[UH IIOCPEICTBOM IOTPY:KEHUA B T€J0 KOHTPYSHIIUM HAIIPaBJIA-
I0Iel KPUBOM JIMHUHM. Hampumep, ecan moBepxHOCTDh Bbizensercsa us Kr(u, v) ykazanmem
HAIPaBJIAIOIIEN KPUBOU BTOPOTO IMOPsAKA T, ITOJydyaeM ajarebpandyeckyro JIMHEHJaTyr I0-
BEPXHOCTh YETBEPTOTO MOPS/IKA C HATIPABJIAIOIIUMH U, U, T [1].

KoncTpykTuBHBIN criocob Beifesienus nopepxuoctu u3 [JIK ¢ aupekTprucamu u, v 3aKII0-
YaeTcs B MOCTPOEHUM OJIHOTIapaMETPHUUYECKOTO MHOXKECTBA NMPSAMOJUHENHBIX 00pa3yroIIux
MCKOMOU ITOBEPXHOCTH, MMPOXOAIIUX Uepe3 TOUKHU HAIMPABJIAIONIEN KPUBOU T U MepeceKaro-
IIIUX BeIeCTBEHHBIE MPAMBIE U, V. DTa 33/1aya pellaeTcss U3BECTHBIMU METOJIaMH HauepTa-
TeJIbHOU TeoMeTpuH [1]. 3aMeTuM, YTO BMECTO HAIIPABJISIONIEN KPUBOU MOKET OBITh UCITOJIb-
30BaHO Kakoe-Tub0 MeTpuueckoe yciaoBue. Hampumep, jJuHelyatass MOBEPXHOCTb MOMKET
ObITh BhIZiesieHa u3 [JIK TpeboBaHMEM MOCTOSTHCTBA JJIMHBI 00Pa3yiomux (CM. 1I. 7).

Jia Beienienusa nosepxHocty u3 IIJIK BBoaAT B paccMOTpeHHe BCIIOMOTATEIbHYIO JIM-
Heluaryio kBajipuky @ u omnpexensaior ITJIK kak MHOKECTBO MPAMBIX, IEPECEKAONINX JBE
OeckoHeuHO OJin3Kkue (B mpeziesie COBITIaloNKe) CKPEIHBAIOIecs: 00pa3ylolue u, U KBaJl-
puku @. dto no3BosAgeT onpeneauts [IJIK kak ceMelicTBO NPAMBIX, Kacaloluxcs JINHeva-
TOU KBaJIPUKHU B TOUKAX OJHOU ee MPAMOJIMHEHHOUN oOpasyiomeii [3]. Yepe3 mpou3BoJILHO
yKa3aHHYI0 TOUKY HaIlpaBJIAIOIIEeN KpUBOU T, morpy:keHHou B ILJIK, mpoxoauT equHCTBEHHAS
npsMas p, Kacaromascs kBaapuku @ u mepecekaromias ee obpasyroinyio u=v. Iloctpoenue
IpAMOU p BBINIOJIHAETCA M3BECTHBIMU MeTO/JAaMH HauepTaTeJabHOU reomerpuu [1]. OpHona-
paMeTpuyYecKoe MHOXKECTBO MPSAMBIX p 00pa3yeT HCKOMYIO JIMHENYATYI0 IOBEPXHOCTD, BBIZIE-
nennywo us [JIK.

Ecim TpebyeTrcs BbIIeUTHh MOBepxHOCTh U3 DJIK, TO 3a/1aua CBOAUTCS K MOCTPOEHHIO
MHOKECTBA BEIIECTBEHHBIX MPAMBIX (00pa3yolnX UCKOMON IMOBEPXHOCTH), KaX/1asa U3 KO-
TOPBIX, IPOXO/iA Yepe3 OJIHYy U3 TOUEK HAINpPaBJIAIIEN KpUBOH T, IepeceKaeT mapy MHUMBIX
KOMILJIEKCHO CONPSIXKEHHBIX IPAMBIX U~V (qupektpuc DJIK). MeToabl Ki1accuuecKol Hauep-
TaTeJbHOU reOMeTPUM B 3TOM CJIydyae HEIPUMEHUMBbI, IOCKOJIbKY IPEeZII0JIaraioT BhIIIOJIHE-
HUe rpa¢pUIeCKUX IOCTPOEHUH C yIaCTHEM MHUMBIX TOUEK 1 MHUMBIX IPAMBIX.

I'paduueckrie MOCTPOEHUS C yUaCTHEM MHUMBIX 5JIEMEHTOB PaCCMATPHUBAJIUCHh KaK B TPY-
Jlax aBTOPOB 19 BeKa [2], Tak 1 B COBPEMEHHBIX UCCJIEAOBAHUAX [3-6], HO B HUX HE CTaBUJIACh
Y He pelrajach 3a7jadya MOCTPOEHUS BEIECTBEHHON MPsAMOMN, MHIUJEHTHON Hallepes, 3a7aH-
HOU TOUYKE MPOCTPAHCTBA U TepPeceKamIencs ¢ AByMs Harepes 3aJaHHbIMA MHUMBIMH CO-
MPSPKEHHBIMU CKpeluBapImuMucsa npaMmeiMu (aupekrpucamu JJIK). Hampumep, B pabore
[3, cTp. 74] ykasaH ajJirOpuTM MOCTPOEHUs MPSIMOMU, IepeceKaloeics ¢ MHUMBIMU JINPEK-
tpucamu JJIK, HO He yuTeHO TpebOBaHNE UHIINIEHTHOCTH JAHHOHN TOUKE.

Hayunasa HoBu3Ha. B craTbe mpejiaraercss MpoeKTUBHO-rpadpUUECKU aJrOpUTM IIO-
CTPOEHUs BellleCTBEHHOU IPAMOU, y/IOBJIETBOPAIOIIEN KaK YCIOBUIO MHIIU/IEHTHOCTU Halle-
pen 3aJJaHHOM TOUKe, TaK U YCJIOBUIO IIepeceUeH s C Hallepe]T 3a/laHHBIMU MHUMBIMH TUPEK-
tpucamu JJIK. JI711 KOHCTPYKTUBHOU peTU3aIUN TPEAJI0KEHHOTO aJITOPUTMA UCIIOJIB3YIOT-
s CpeAICTBA KOMITBIOTEDHOU BU3yaTU3aIl[Mil MHUMBIX 3JIEMEHTOB [7] COBMECTHO C IIpOrpaMM-
HBIM MOAyJieM [8-10], TO3BOJIAIOIINM BbIUYEPUHUBATh KPUBbIE BTOPOTO MOPSAAKA, UHIUAEHT-
Hble JII0O0OMY Hamepe7, 3aJJaHHOMY Ha0Opy KakK BelleCTBEHHBIX, TAK 1 MHUMBIX TOUEK U Kaca-
TEJIbHBIX [11].

AKTyaJsbHOCTH PaboOThI 00yCJIOBJIEHA TEM, YTO MHHMBbIE ajireOpandecKue 3JIEMEHTHI
(MHMMBIE TOUKH, MHUMBbIE IIPSMble, MHIUMbIEe ajrebpanyecKkre JIMHUU U TIOBEPXHOCTHU) SB-
JIIOTCS HEOThEMJIEMBIM aTpUOYTOM JIIOOBIX JIEHCTBUM ¢ ajireOpandyecKUMU MHOT000pas3usi-
MH. YUacTHe MHUMBIX 3JIEMEHTOB B TeOMeTPHUUYECKUX aJITOPUTMaX TakK »Ke HeoOXOaumo U
eCTEeCTBEHHO, KaK yuyacThe KOMIUIEKCHBIX YHcesJ B ajredOpandeckux IpeoOpa3oBaHUSAX.
BesiencrBue aToro mpobsieMa TOUHON KOHCTPYKTHBHOM peau3ariuul TpadudecKux aJirOPUT-



MOB, COZEpKaIllNX JAEHCTBUS C MHUMBIMH aaredpandecKuMu (GUTYPaMHU, SIBJIAETCA aKTyallb-
HOH.

IIpakTryeckas 3HAUNMOCTbD. [Ipe/yIo;KeHHBIN B CTaThe aJITOPUTM BBIJIeJIEHUS JIMHEH-
YaTON ITOBEPXHOCTH W3 JIMHEHHOW KOHTPYSHIIMM C MHHUMBIMH JUPEKTPUCAMU IMO3BOJISIET
KOHCTPYHPOBATh apXUTEKTYPHBIE (POPMBI, TTIEPEKPHITHS 1 0O0JIOUKH, OTIMYAIONIHECS OT Tpa-
JIUITMOHHBIX ITOBEPXHOCTEN, OMUPAIOIINXCSA Ha BEIECTBEHHBIE OCH, UTO pacIIupsieT 00J1acTb
IIPUMEHEHUS JINHEHYaThIX KOHCTPYKIIUHA B apXUTEKTYPHO-CTPOUTETFHOM IIPOEKTUPOBAHUH.

Jlajiee TUPEKTPUCHI U, U OyieM Ha3bIBaTh OCSIMH KOHTPYSHIUH.

2. ITocTranoBKka 3agaumn

JlnHelHasT KOHTPYSHIIUS MOKET OBITh 3a7jlaHa HECKOJIbKUMU PA3IMYHBIMU cIiocobamMu, B
YAaCTHOCTU — CBOHMMH OCAMH U, U (€r1oco0 1) WJIM YeThIPhMs IOMApHO CKPEITUBAIOIIIMMUCS
IpSIMBIMU a, b, ¢, d, mpuHAJIeKAIUMU KOHTPYsHIUH (crmocob 2). Oba criocoba reomeTpuye-
CKU DKBUBAJIEHTHBI: €CJIU JIAHBI 4 MIPSIMBIE a, b, ¢, d, mpuHa IekaIue KOHTPysHIIUU, TO MO-
r'yT OBITH HAM/IEHBI €€ OCH U, V.

PaccMoTpuM aJITOpUTM MOCTPOEHHUS Ocer U, v kKoHrpysHnuu Kr(a, b, ¢, d), 3ajjaHHO BTO-
pbIM crioco0oM. BBoguM B paccMOTpeHHe JIMHEHYaTyI0 KBaJIpuKy @, BIIOJIHE OIpeieIEHHYIO
TpeMsI U3 JIAHHBIX MPSIMBIX, HAl[pUMeP, NpsAMbIMU a, b, c. KBagpuka ®=0,+d, coctouT u3
nosykBaapuku @, cosmepkaiieit npsamele a, b, ¢, 1 U3 CONpsKEHHOU MoJTykBaipuku O. (puc.

1).

?:0.9

V (mHumas)

d,/"U (mnumas)

B)
Puc. 1. I[Toctpoenue oceit kourpysuiuu Kr(a, b, ¢, d): a — I'VIK; 6 — ILJIK; B — 9JIK

[Tycts npsimast d nmepecekaetcs ¢ kBasipukoi @ B Toukax U, V. Torma npsmble U, U TOJIyK-
Basipuku O, mpoxoxasmue yepes Touku U, V — ocu kourpysHnuu [3]. Ecyin npsamas d nepe-
cekaerca ¢ @ B BemecTBeHHBIX TOYKax U, V, TO ocu u, v — BellleCTBEHHbIE IIpSAAMbIE, a KOH-
rpysunusa Kr(a, b, ¢, d) — runepboanueckas (puc. 1, a). Ecau Touku U, V coBnagaroT (mps-
Mas d KacaeTcsi KBaIpuku ), To moaydaem I1JIK ¢ 6eckoHeuHo Oiu3KkuMu (B Mpejiesie coB-
MTAIAIONIMMU) CKPEIIUBAIIUMUCA ocaMu u=v (puc. 1, 6). Ecou psimas d He miepecekaeTcs ¢
kBagpuKou @, To Touku U, V u mpoxoasIye yepe3 HUX 00pas3yoIue U, U MOJyKBaAPUKHA Do
— MHHUMBIE (puc. 1, B). B mociiefHeM cilydae MoJydaeM SJUIHMITUYECKYIO JTUHEWHYIO KOH-
rpysHnuo (DJIK), k KOTOpoil U3BeCTHbIE METO/IbI BbIIeJIEHUS ITIOBEPXHOCTU, IPUTOAHBIE IS
I'JIK u IVIK, HenocpencTBEHHO HE IPUMEHUMBL.

Otcroma cienyer 3azaua: paspabomams epaguueckuil aar20pumm nocmpoeHus u 8usya-
Ausayuu auHelivamoil nogepxHocmu, evldensiemoul usz AJIK nocpedcmeom nozpyxceHus 8
Hee Hanpasaswell Kpusoll T.

Uepes 1100y10 TouKy 1T KpUBOH T IIPOXOJIUT €IUHCTBEHHAs IIPAMOJINHEeHasA oOpasytoas t
HCKOMOU TOBEPXHOCTH, BKJIIOUeHHasA B JaHHy0 JJIK, ciemoBaTenbHO, 3aj1aua BbIJIEIEHUS
noBepxHOCTH U3 JAJIK CBOAMTCSA K COCTABJIEHHUIO QJITOPUTMA IOCTPOEHUS MPSAMOUN JIMHUM,
MIPOXO/AIIEN Uepe3 JAaHHYI0 TOUKy 1 U IepeceKarllell mapy MHUMBIX KOMILJIEKCHO COIPS-
JKEHHBIX MPAMBIX U~V (mupekTpuc JJIK), 1 K mocyieayomeMy MHOTOKPATHOMY IIPUMEHEHHIO
9TOTO AJITOPUTMA K PsAAY Touek T; HAIpaBJIAIONIEN KPUBOU T, T/ie | — TpedyeMoe JJ1si TOUHOH
BHU3YaJIN3aIlU KOJIMYECTBO 00Pa3YIOIINX KOHCTPYUPYEMOH TOBEPXHOCTH.



3. Beienenue u3 JJIK npsaMoi, mpoxoafAlled yepes3 JaaH-
HYI0 TOUKY

[Tycth TuHEWHAsT KOHTPYSHITUA 3a7jaHa YEThIPHMS IOMAPHO CKPEITUBAIOIINMUCS ITPIMBI-
MU a, b, ¢, d. Tpebyercsa u3 kourpysunuu Kr(a, b, ¢, d) BbIIeJIUTh NPAMYIO, IIPOXOAAIIYIO Ue-
pe3 Harepe/ 33/IaHHYI0 TOUKY T TPEXMEPHOT'O IPOCTPAHCTBA.

OnucaHHBIM B II. 2 CIIOCOOOM HAXOJIUM OCH U, U KOHTPYSHITUH, SIBJISIONINECS TPAaHCBepCca-
JIIMH TIPAMBIX a, b, ¢, d. Ecyiu aTu TpaHcBepcaiu BelecTBeHHbIe paziundHble ([VIK) niu Be-
mectBeHHbIe coBragammue (I1IJIK), To n3aBecTHOe M3 HaUepPTATETbHOU TeOMETPUH PEIeHUe
CBOIUTCS K IOCTPOEHHIO INPSIMOU, MPOXOAAIIEN yepe3 JaHHYI TOUKYy 1T U mepeceKalolei
HaleHHble ocH [1].

Eciiu TpaHCBepcasv u, U MHUMBIE, TO UX HEJIb3s H300pa3uTh B IBHOM BHU/le. B aTOM cityuae
3a/1aya CBOJIUTCA K IIOCTPOEHHIO MPOXOAAIIel uepe3 T BelecTBEHHON MPSIMOMU, IepeceKaro-
I1[ell MHUMBIE TIpsAMBIE U, V. [[JIf MOCTPOEHMs TaKOU MPAMOU IpejjiaraeTcsa Caeayoui aa-
TOPHUTM.

IITar 1. BRoguM B paccMOTpeHUE BCIIOMOTATeIbHBIE JIMHENYAThIe KBAJIpUKU @:(a, b, ¢) u
@2(a, b, d), BriosiHe ompeziesieHHbIe TpolkaMu obpasywmux (a, b, ¢) u (a, b, d) cooTer-
cTBeHHO. MHUMbIe TIpsiMble U, U (ocu DJIK), ABJIssACh TPAHCBEPCAISIMU 3aJ]JaHHBIX IPSAMBIX @,
b, c, d, nepecekarrcs ¢ 06eMMU TPOHKaMH 0OpPA3yIOIIHNX, CIeA0BATETLHO, MHUMBIE TIPSMbIE
U, U IpUHAJJIEKAT 00eUM KBaIpUKaM.

HIar 2. Yepes yka3aHHYIO B YCJIOBUU 33/1a4M TOUKY 1 IPOBOAUM IIPOU3BOJIBHYIO ILJIOC-
KOCTb X M HAUePTHUM KOHHYECKHE cedeHUs fi=@:NZ, fo=@.NZ (puc. 2, a). [ToctpoeHue Hempe-
PBIBHO HaYepUYEHHBbIX KOHUK fi, fo BBIMOJIHAETCSA C MOMOIIBIO IPOTPAaMMHOTO cpezictBa [8].
Konwuku fi, fo, mpoxopsinue uepes rpynibl Touek A, B, Cu A, B, D, iepecekaroTcsi MEKIy CO-
OO B BelIECTBEHHBIX TOYKaX A, B 1 B MHUMBIX CONPsKEeHHBIX Toukax U~V (3aecw A, B, C, D
— TOYKH IepecedeHus MpsMbIX a, b, ¢, d ¢ IJI0CKOCThIO X).

a) 6) B) r)

Puc. 2. Beizienienue u3 JIK nmpamMoi, HHIIUEHTHOU TOUKe T: a — UCXOAHbIE JAaHHbBIE; O —
noctpoeHue Mapkepa {/, OL} MHUMBIX Touek U~V; B — OCTpOeHNEe KOHUKH, POXO/ISIIEN
yepe3 MHUMbBIe TOUKu U~V T — OlpeeuTeb KBaAPUKH, COZlepKaIlell UCKOMYIO ITPSIMYTO

IIIar 3. MEUMBIE IPsAMBIE U, U IIPUHAJIIEKAT KBAAPUKAM (1, (P2, CJIEIOBATETHHO, MHUMBIE
TOUYKH IIepPecevyeHnsl STHX MPAMBIX € IIOCKOCTBIO X COBIIQAAIOT ¢ MHUMBIMH Toukamu U~V
repeceyeHsi KOHUUYECKUX CeUeHUH fi, fo.

Ilepecekasach B BelleCTBEHHBIX TOUKaxX A, B 1 B MHUMBIX CONPS:KE€HHBbIX TOUKax U~V, ko-
HUKHU fi, f> yCTAHABIUBAIOT Ha NPAMOU [=UV OJIHY U Ty K€ 3JUTUIITUYECKYIO0 WHBOJIIOIUIO G C
MHUMBIMH ABOUHBIMU Toukamu U, V. Muaumble Touku U~V uzobpakarorcsa mapkepom [{O,
L}, cocrosimuM u3 1ieHTpa O MHBOJIIONUY O U TOUYKH Jlareppa L, U3 KOTOPOW MHBOJIIOIUS O
IIPOEINPYETCS OPTOTOHAIBHBIM IIYYKOM MPAMBIX (puc. 2, 6). BelectBeHHas npsimas [, mpo-
XOJIAINAasi yepe3 MHUMBIE CONpPsKeHHbIe TOUKU U~V sIBJA€TCS OChI0 TOMOJIOTUH, CBS3BIBA-
IOIIIeH KOHUKH f7, fo.

ITocTpoenue mapkepa [{O, L}, ycjioBHO U300pazkaroIiero MHUMbIe TOUKH U~V, BBIIIOJIHSA-
eTCsI U3BECTHBIM cItocoboMm [11, 12]. I'padpmueckoe n3obparkeHrne MHUMBIX Touek U~V B Buze



Mapkepa [{O, L} mo3BoJIsIeT UCI0/Ib30BaTh 3TH TOUKHU HapaBHE C BEIIECTBEHHBIMH TOUKAMU B
MTOC/IEAYIOIINX KOHCTPYKTUBHBIX IIOCTPOEHUSIX.

IIIar 4. BBoguMm B paccMOTpeHHE BCIIOMOTATEbHYIO JIMHEUUATYI0 KBaAPUKY @s(a, b, t),
rae t — uckomas npsamasi. Obpasytomue a, b, t 3TOl KBaJIpUKH, COIJIACHO YCJIOBHIO 33J1a4H,
IlepeceKarTCsl ¢ MHUMBIMU OCSIMU U, U 3JUITUIITUYECKON KoHrpysHuu Kr(a, b, ¢, d), cienosa-
TEJIPHO, OCH U, U BXOJAT B COCTaB KBaJ[PUKH (P3. B ceueHWH 3TOH KBAJPUKU IJIOCKOCTHIO X
II0JIy4aeM KOHUKY f3, IPOXOZAIIYIO Uepe3 BellleCTBeHHbIE TOUKH A, B, T' v yepe3 MHUMBbIE CO-
npspkeHHble Touku U~V, 3amandbie Ha yeprexke MmapkepoM [{O, L} (puc. 2, B). /IJis1 BeIuepun-
BaHUs KOHUKH f3 UCIIOJIB3YETCs MPOEKTUBHO-KOMITBIOTEPHBIN aJITOPUTM [11], cOCTaBJIE€HHBINA
corJiacHo [13, cTp. 147].

IIIar 5. HenpepblBHO HauepuyeHHasl KOHUKA f; U IlepeceKaolnue ee B TOUKax A, B mps-
MOJIMHEHHbIe 00pasyoIue a, b 0JHO3HAYHO OIPEAESIOT KBaAPUKy @s(a, b, t), 4To mo3Bo-
JIsIeT HAaUTHU UCKOMYIO MPSIMYIO t U3 YCJIOBUH ee UHITHIEHTHOCTH TOYKe T U MPUHAAJIEKHOCTH
CEMENCTRBY a, b, ... 00pas3yIoux KBaJIpUKHU (3 (pucC. 2, T). 3a71a4a pelleHa.

4. Beigesaenue nmosepxHoctu us JJ/IK

Teopema 1. Ecyin anrebpanyeckas JinHelyaras MOBEPXHOCTh O mopsjka k+2 3azaHa
HAIPABJIAIONIENH KPUBOH ek mopsiika k W JIByMsl CKPEIIUBAIOIIUMUCS HPSMOJIHHEWHBIMU
HAIPaBJIAINIUMHA U, U (BEIeCTBEHHBIMHU WJIM MHUMBIMHU CONPSKEHHBIMH), TTepeceKaroII-
MUCS C TIJIOCKOCTBIO KPpUBOH ek B Toukax U, V (BeleCcTBEHHBIX WX MHUMBIX CONPSKEHHBIX),
To mpsaMas UV (Bcerza BelecTBEHHAs1) ABJISETCS OChIO IyYKa IJIOCKOCTEH, MePECEeKaoIIIX
MOBEPXHOCTH O 110 asrebpanvecKuM KPUBBIM MTOPs/IKa k.

JoxaszareabcTBO. [Ipsamas UV mepecekaer HANPABJIAIOIIYI0 KPUBYIO ek B JIBYX TOUKAX
(BellleCTBEHHBIX WJIM MHHMBIX COIPSDKEHHBIX), a TaKKe IlepeceKaeT MPsIMOJIMHENHbIE
HaIpaBJIAIOIINE U, U, cefAoBaTesIbHO, UV mpeacTasiiseT co00M Be COBIABIINE 00pa3yoliie
noBepxHOCTH O. JIuHeuaTas mOBEPXHOCTh O — ayrebpamyeckasi MOBEPXHOCTh Mopsiaka k+2,
B C€YEHUU KOTOPOU ITPOU3BOJIbHOM IJIOCKOCTHIO, TpoXxo/isAleil uepe3 UV, mosyuaemM KpUBYIO,
pacnaBIIyIOCS HA CYMTAEMYIO ABAXK/IBI IpsMyto UV u kpuByto nopsizika k. Teopema gokasana.

Busyanusanus jimHeluaToi noBepxHoctu O, Beigensemoit us JJIK Kr(a, b, ¢, d) mocpen-
CTBOM IIOTPY:KEHHS B Hee HAMpPaBJIAIOIIENH KPUBOU, BBIMOJHAETCS HA OCHOBE TEOPEMBI 1 U
MHOTOKPATHOTO IIOBTOPEHHUS aJITOPUTMA 1...5, U3JI0KEHHOTO B 1I. 3.

IIpumep. Ilycts Tpebyercs choOpMHUPOBATH JUHEHYATYIO aareOpandecKylo MOBEPXHOCTh
YeTBEPTOTo Mopsaka O, “HaTAHYTYI0” Ha MPOCTPAHCTBEHHBIA KAapKaC, 33/JaHHBIA OKPYKHO-
CTBIO T, JIEXKAIIEN B IVIOCKOCTH X, U YETHIPbMs CKPEIIUBAIIIUMUCS MPAMBIMH a, b, ¢, d (puc.
3, a). YCJIOBUIO 33J]aUMl Y/IOBJIETBOPSET MOBEPXHOCTD, BhIJleisieMast U3 JIMHEHHONU KOHTPYIH-
uu Kr(a, b, ¢, d) mocpencTBoM MOTPYKEHUsI B Hee HAMPABJISIONIENH OKPYKHOCTH . B cooT-
BETCTBUHU C AJITOPUTMOM 1...5 BBOJIUM B PacCMOTPEHUE JUHeYaTble KBaipuku P:(a, b, ¢) u
¢2(a, b, d). HauepTuB BcrioMoraresibHbIe KOHUUECKUE ceueHus fi=@:NZ, fo=@-NX, 3ameuaem,
YTO OHU II€PECeKal0TCsl TOJIBKO B JIBYX BEI[eCTBEHHBIX TOUKAX A, B, c1el0BaTeIbHO, OCH U~V
koHrpysHnuu Kr(a, b, ¢, d) — MmEHUMBIe (KOHUKW f1, f> HA pUC. 3 YCIIOBHO HE TIOKA3aHBbI).



Q)

Puc. 3. Boiziesienne noepxaocru u3 JJIK: a — ucxomHble aHHbIE; 6 — KAPKAC IOBEPXHO-
ctu u Mapkep {/, OL} MHUMBIX Touek nepeceuerus oceit JIK c mimockocTpio X

Haxogum mapkep [{O, L} mHUMBIX Touek U~V nepecedueHus KOHUK fi U fo. B 3TUX TOuKax
MHHUMBIE ocH U, v kKoHTpysHnuu Kr(a, b, ¢, d) nepecekaiores ¢ miockoctbio ¥ (puc. 3, 6). B co-
OTBETCTBHUU C AJITOPUTMOM 1...5 OTM€eUYaeM Ha HAIMPABJIAIOIIEN OKPYKHOCTH " HECKOJIBKO TO-
yek u BbiiessieM u3 Kr(a, b, ¢, d) HeCKOJIbKO JOTIOJTHUTEIHHBIX MPSAMOJMHENHBIX 00pasyro-
mux ti (=1, 2, 3, ...) KOHCTPYHUPYEMOH MTOBEPXHOCTU O, MPOXOAAIINX Yepe3 OTMEUYEHHbBIE HA I'
TOYKH.

CorytacHO TeopeMe 1, TJIOCKOCTH, IPOXOZsAIIue uepe3 npsamylo [=UV, nepecekaioT © 1o
KOHHYECKUM ceueHHUsAM. [losryqaeM Kapkac MOBEPXHOCTH, COCTOSIIIUMA M3 MPSMBIX JUHUU U
KPHUBBIX BTOPOTO mops/ka (cM. puc. 3, 6). [Tmockocru X', ", He mpoxozsiue uepes [, mepece-
KaloT © 10 KPUBBIM YETBEPTOTO MOpsKa w', w'". Ha puc. 4 npeacrasiieHa BU3yajiu3anus mo-
BEPXHOCTH.

Puc. 4. Anrebpandeckasi JUHeWJaTasA IOBEPXHOCTh C MHUMBIMH OCAMU (BU3yaTA3aIIHsA)

5. 3aganue kourpysunuu Kr (a, b, ¢, d) ¢ moMmouipio KoJi-
JUHeaAl U

Kourpysunus Kr(a, b, ¢, d), 3agaHHas CKpeIUBamIUMUCA IPAMBIMU a, b, ¢, d, MoxkeT
OBITH TOXKIECTBEHHBIM 00pa3oM 3ajaHa KOHTpysHIuell Kr(II«>I1') mpsaMbIX, COeIMHSIIONUX
COOTBETCTBEHHBIE TOUKH KOJUIMHeapHbIX noJied [1«I1' (mpu ycioBuM, UTO B KOJUIMHEAIMH



[I—IT' mpsmas [=IINIT' cooTBercTByeT cama cebe) [3, 14]. Ocu u, v koHrpysHIUu Kr(IT<II")
(BelmecTBeHHbBIE MJIM MHHMBbIE) TIEPECEKAIOTCS C MMPAMOM [ B BEllleCTBEHHBIX UJIM MHUMBIX CO-
IpsiKeHHBIX Toukax U, V. PaccMoTpuM JiBa BapuaHTa Ilepexojia OT KoHrpysHiuu Kr(a, b, c,
d) x Toxk1ecTBeHHOU KOHTpYyaHIUH Kr(I[T—II").

5.1. BapuanT 1 (ogHa M3 JAaHHBIX MPAMBIX — CAMOCOOTBETCTBEH-
HadA)

Jlana simHeriHas koHrpysHuus Kr(a, b, ¢, d). Uepes ogHy u3 npsAmMbIx (Hampumep, uepes d)
IIPOBEEM IIPOU3BOJIbHBIE IT0cKocTH I1, IT'. ITpsimble a, b, ¢ BbIcekatoT Ha miockoctsx I1, IT'
Touku A, B, Cu A', B', C'. 3ajjaguM KoJuIMHeapHOe cooTBeTcTBHE noser I[1«<>I1' Tpemsa mapa-
mu Touek A~A', B~B', C~C' u npsamoii d=IINII', kotopyio OymeM IojaraTb CaMOCOOTBET-
CTBEHHOH. B 3TOM cilyyae ceMelCcTBO HPSAMBIX, COEIUHSIONINX COOTBETCTBEHHBIE TOUKHU IIO-
sei I, IT', ectb tuHeliHas kKoHTpysHIMA Kr(I1IT'") [3].

ITokaskem, uto koHTrpyaHumu Kr(a, b, ¢, d) u Kr(IT-II") coBnagator. Kosutnnearusa IT<IT'
WHJIyIIUPYET Ha NMPsIMOU d MPOEKTUBUTET C ABOMHBIMH Toukamu U=U', V=V" (BemecTBeHHBI-
MH Wwid MEAMBIMHU). OcH u, v (BelllecTBeHHbIe WM MHUMBIe) KOHTpysHIHU Kr(IT—II") mpo-
XOJISAT Uepe3 3TH TOUKU U MEPECEKAIOTCSA C IIPSIMBIMU a, b, ¢, cyieoBaTeIbHO, IIPSIMbIE U, U SIB-
JIIIOTCSI TPAHCBEPCAISIMU MPSMBIX a, b, ¢, d, To ectb ocsimu kKourpysuiuu Kr(a, b, ¢, d). U3
COBIIAJIEHUsI OCEH CJIeyeT COBIaZleHnEe KOHTPYIHITHUH.

[IpemioxxenHbld BapuaHT mepexoja ot Kr(a, b, ¢, d) k Kr(IT—II') MokeT HCII01b30BaThCA
JUISL BbIJlesieHusl U3 kKoHrpysHnuu Kr(a, b, ¢, d) npsamoii t, mpoxo/sieli yepe3 Halepes 3a-
naHHyto Touky 1. Yepes npsimyto d u Touky T mpoBoauM Itockocth I1. Yepes npsmyto d mpo-
BOJINM eIIle O/THY (ITpou3BOJIBbHYI0) IUIOCKOCTD I1'. OTMeuaem Touky nepeceuenus A~A', B~B/,
C~C'npsMbIX a, b, ¢ ¢ wiockoctsimu I, IT'. B kosutureanuu I1(A, B, C)—II'(A', B', C") ¢ camo-
COOTBETCTBEHHOU MpsIMON d HaxoAuM TOYKy ', COOTBETCTBYWOIIy Touke 1. Uepes TOUKHU
T~T' IpOBOIMIM HCKOMYIO IIpsAMYIO t. IckoMast ipsiMast Bbl/ieJIeHa U3 KOHTPYSHITUHU.

5.2. BapuaHT 2 (001mui coryuai)

lana nuHeniHas koHrpyaHmus Kr(a, b, ¢, d). BBogum B paccMoTpeHue JIMHeHYaThie KBajl-
puku @.(a, b, c) u @2(a, b, d) u nepecexamUy0 UX MPOU3BOJIBHYIO IIOCKOCTH I1. Brruepun-
BaeM KoHmnueckue ceueHus f1=@:NI1, fo=@-NII, npoxoxsuiue yepe3 Tpoitku Touek (A, B, C) u
(A, B, D). 3necb A, B, C, D — TOuKH niepeceueHus MpsAMBIX a, b, ¢, d ¢ miockocTbio I1.

Konukwu fi, f- mepecekaiorcs B Toukax A, B u elne B IByX Toukax U, V (BeIlleCTBEHHBIX WJIH
MHHUMBIX), Yepe3 KOTOPBIE IIPOXOAAT OCH U, U (BEIeCTBEeHHbIE WJIM MHUMBIE) KOHTPYIHITUU
Kr(a, b, c, d). Yepes npsamyto [=UV (Bcersia BemecTBEHHYIO) TPOBOIUM ITPOU3BOJIBHYIO IIJIOC-
koctb I1' 1 ormeuaem Touku A', B', C', D' nepeceyenus aydei a, b, ¢, d ¢ miockocrbio IT'. 3a-
JlaIMM KOJLIMHeapHoe cooTBeTcTBHe mosieil I« II' TpeMss mapamMu COOTBETCTBEHHBIX TOUEK
A~A', B~B', C~C' u camocootBercTBeHHOH mnpsimot [=ITNIT'. Kosummuearus [1—I1' uaaynu-
pyeT Ha [ MPOEKTUBUTET C JBOUHBIMH (caMocooTBeTcTBeHHBIMHU) Toukamu U, V. CeMmericTBO
IpSIMBIX a, b, ¢, ..., COEIUHSIONINX COOTBETCTBEHHbIE TOUKH KosutuHeanuu [1—II', ecTsb u-
HeliHas1 KoHTpysHIuA Kr(I1<1I1'), a mosykBaapuka ¢.(a, b, c), conepkaiias Tpu OpsMbIe a, b,
c koHrpysHnuu Kr(I1—II'), Bcs cocToUT U3 MPSAMBIX 3TON KOHTPYSHITUH.

ITokaxkem, uro npsamas d BkIoueHa B KOHTpysHIUIO Kr(I[1—II"). [Ipeanosoxkum, 4To 00-
pasymIye moJykBaapuk ¢:(a, b, ¢) u @-(a, b, d) mopok1ar0T ABe pa3IMIHble KOJUTHHEATINH.
B aTHX KOJUTMHEaNMAX COBIAIaloT ABOMHBIE ToukHu U, V. Kpome Toro, ABe ob1me mpsmeble d,
b xBagpuK @1, @ BbiceKaloT B moJisix 1, I1' ojfHU U Te ke mapbl COOTBETCTBEHHBIX TOUEK A~A',
B~B'. YeTbIpe mapbl COOTBETCTBEHHBIX 3JIEMEHTOB J[ByX KOJIMHEAI[Ui COBIIA/Ial0T, YTO O3Ha-
YaeT COBIIaJieHHe KoJutnHealuii. OTCIoza cyieyeT, YTo Bee oOpasyroliie moayKBaapuK ¢.(a,
b, ¢) u @2(a, b, d), B Tom uucie npsamas d, BKJIHOYEHBI B OJHY U Ty K€ KOHTPYIHIUIO
Kr(IT<IT"). 3 coBmaieHust YeThIpex JyudeH a, b, ¢, d kourpysunuii Kr(a, b, ¢, d) u Kr(I1-I1")
CJIeIyeT COBIAJIEHNE CAMUX KOHTPYIHITUH.



[IpennoxkeHHbIil BapuaHT nepexoja ot Kr(a, b, ¢, d) x Kr(IT—II') moxkeT H1CIOIb30BaThCSA
JUISL BBIZlesieHus u3 KoHrpysHuuu Kr(a, b, ¢, d) npsiMoii t, mpoxozsIeld uepe3 Halepes, 3a-
faHHy1o Touky 1. IIpoBogum yepes T nmpou3BOJIbHYIO ILIOCKOCTH II. OT™MeTuM TOouku A, B, C,
D nepeceuyenus npsAMbIX a, b, ¢, d ¢ tiockoctbio I1. BeruepunBaem ceuenus fi(A, B, C)=¢(a,
b, ¢)NII, fo(A, B, D)=@-(a, b, d)NII. Yepes upsmyio [, coenuusiomymo Touku U, V (Bele-
CTBEHHbIE WM MHUMBIE) IlepecedeHusi KOHUK fi, fo, IPOBOAUM IIPOU3BOJIBHYIO IJIOCKOCTDH IT'
1 orMeuaeM Touku A', B, C', D' nepeceuenus npsMbIX a, b, ¢, d ¢ mrockoctsio I1'. ITomydaem
kosutnHeanuio I1(ABCD)«IT'(A'B'C'D") ¢ aBoriHbEIMH TouKaMu U, V, jiesKalliuMU Ha caMOCO-
orBercTBeHHOH mpsAiMoi [=IINII'. B aTo¥ KoJUTMHEAUW HAXOJAUM TOUYKY 1', COOTBETCTBYIO-
1y Touke T. Mickomas npsimas t mpoxogaut uepes Touku 1, 1.

6. JIuHeNuaTasa ITOBEPXHOCTh, MPOXOAAINAS 4Yepe3 Be
JaHHbIE KOHUKH

JIuHelHass KOHTPYSHIHA, 3a/laHHas] KOJIMHEAPHBIMHU IOJIIMH, TIO3BOJIAET PELIUTH IIpaK-
TUYECKH BaKHYIO 3a/1auy KOHCTPYUPOBAHUSA JIMHEHYATON MOBEPXHOCTH, IIPOXOJSIIEN Uepes
Iapy Hamepes 3aITaHHbIX KOHMYECKUX CeUeHnH [14].

Teopema 2. Eciiu B mwiockux nossx 1, IT' HauepueHbI TPOU3BOIbHBIE KOHUYECKHE Ceve-
HUA ', ' ¢ IPOU3BOJILHO OTMEUEHHBIMHU Ha HUX TOUKaMu A, A', TO CyIIIECTBYIOT BCETO /IBA Ba-
puaHTa kosutuHearui [1—I1' ¢ camocooTBeTCTBEHHOU ci1aboMHBapuaHTHOU npsimoi [=ITNIT',
B KOTOPBIX &1, AA'.

JlokazareabcTBO. [IpoBOoiM KacaTesbHBIE ta, 1’4 K JAHHBIM KOHMKAM B TOYkKax A, A’
(puc. 5). 13 Touek 1=taNl, 1'=t'4Nl mpoBOAUM KacareyibHbIE (B, t'B. OTMeTUB TOUKU 2=ABNI,
2'=A'B'Nl, mpoBOoAMM U3 3THX TOUEK KacaTeJbHbIE tc, tp, t'c, t'p K KOHUKAM 1, 1. Iloyuaem
YeThIPEXCTOPOHHUKY (ta, tB, tc, tp) U (t'a, t's, t'c, t'p) ¢ BepmuHamMu (1, 2, P, Q, M, N) u (1', 2',
P', Q', M', N"), onucaHHbIe OKOJIO KOHHK I, ''. CoryiacHO TeopeMe BpuaHIoHa, npsmbie AB,
CD u A'B', C'D’', coemuHsAOIIE TOUKH TPUKOCHOBEHUS, IIPOXOJIAT Uyepe3 Touku 3=QPNMN,
3'=Q'P'NM'N' nepeceueHus qUaroHajeld 3TUX YETBIPEXCTOPOHHUKOB (cM. puc. 5). IIpsamebrie
CD, AB u C'D', A'B, corjiacHO TeOpHUH IOJIOCOB U IOJIAP, UHITUIEHTHBI TOUKaM 1, 2 u 1', 2',
cJIe/ToBaTeNIbHO, B IIockocTsAX II w II' mostydeHsl MOJIHBIE 4YeThIpeXyroabHUKH MNPQ u
M'N'P'Q’, Hecy1ye Ha CBOUX CTOPOHAX TapMOHUYECKHE TPYIIIHI TOUEK [15].

Takum obpa3oM, cooTBeTCTBUE ITockux moJeit I, IT', 3ajanHOe yKa3aHHBIMU Ha PHC. 5
YyeTBEPKAMHM KacaTeJIbHbIX (4, I, tc, tp) u (t'a, t', t'c, t'p) wu yeTBepkamu Touek (M, N, P, Q),
(M', N', P', Q), siBnsieTcsi KOJUTMHeanuen (Tak Kak COXpaHseTcsl MPSMOJUHEHHOCTb, WHIIH-
JIEGHTHOCTh U TADMOHU3M), OTBeUalollell yCJIOBUAM TeOpeMbl. B 5TOI KoJUTMHealluu KOHUKU
r, r' BBAMMHO COOTBETCTBEHHBI, a MpsAMasi [=12 MepexoauT B COBNAMAOIIYIO ¢ HEH IPAMYIO
I'=1'2". TTapbl COOTBETCTBEHHBIX TOUEK 1~1', 2~2', ... HEe COBHAZAIOT, IToaTOMYy [=I' — ctabouH-
BapHUaHTHAas NMpsAMasa. Bo3MoKHBI BCero /iBa BapuaHTa KoJUTnHeanuu: (ta, ts, tc, tp) «> (t'a, t's,
t'c, t'p) wim (ta, ts, tc, tp) <> (t'a, t's, t'p, t'c). Teopema mokaszana.

Puc. 5. K 1okasaTesibCTBY TEOpEMBI 2



6.1. AITOpUTM MOCTPOEHUSA NMPAMOJTUHEUHBIX O0PaA3yIOIIHIX

Ha ocHOBaHUM TeOpeMbI 2 pelraeTcs 3ajiadya IMOCTPOEHUS MPSAMOJMHENHBIX 00pa3yIOIX
ayireOpanvyecKodl IMOBEPXHOCTH YETBEPTOTO IOPsAKA, IMPOXOSAINEd uepe3 KOHUKUA I', "' U
MMeIeN Hanepes 3a7anHyto oopasytomnyio AA'. [losnaras, uyro kosmuHearnus [1—I1' 3amana
HauepUYeHHbIMU KOHHUKAMH I, ' U IIapOU COOTBETCTBEHHBIX TOUEK A<>A' Ha HTHUX KOHUKAX,
IIOJIy4aeM, COTJIaCHO TeopeMe 2, KOHTpyaHIuio Kr(I1—I1"). /Iy BeIeIeHus U3 Hee UCKOMOU
ITIOBEPXHOCTH CJIeJTyeT yKa3aTh HAa OJQHON M3 KOHUK HECKOJIbKO ToueK T; U HAaWTHU COOTBET-
cTtBeHHbIE B KoyutmHeanuu I1—I1' Touku T;', roe 1 — Tpebyemoe JJIsi TOYHON BU3yaTU3alluU
KOJIMYECTBO 00PA3YIONUX KOHCTPYUPYEMOU IMOBEPXHOCTH. YKa*KeM Ha KOHUKE I" IPOU3BOJIb-
Hy10 Touky 1T (puc. 6, a) 1 pacCMOTPUM aJITOPUTM ITOCTpOeHus oOpazyrorie t=T1".

IIar 1. [IpoBouM KacaTesbHBIE L4, t'4 K KOHUKAM T, "' B Toukax A, A'. VI3 Touek 1=taNl,
1'=t'aNl mpoBouM KacaTesbHble tg, t'B. OTMeTHB TOuku 2=ABNI, 2'=A'B'Nl, mpoBogumM u3
9THUX TOYEK KacareyibHbIe tc, t'c (puc. 6, 6). CorytacHO TeopeMe 2, KOJUTMHEAPHOE COOTBET-
crBue nosied [T—II' (¢ caMocOOTBETCTBEHHOU MPsAMOM | 1 B3AUMHO COOTBETCTBEHHBIMU KO-
HUKaMU T", ') BIIOJTHE OIIPe/IeJIEHO YeTBEPKaMU MPAMBIX (L4, t, tc, AB) <> (t'a, t's, t'c, A'B"), B
koTopoM ToukHU C <> C' B3aUMHO COOTBETCTBEHHBI.

ITpumeuarue x wazay 1. JIpyroii BO3MOKHBIA BapHUaHT KOJIJIMHEAI[UH MOPOIKIAETCA COOT-
BETCTBEHHBIMU IPAMBIMH (4, tB, tc, AB) <> (t'a, t's, t"c, A'B"). IIpu 3TOM cootBeTcTBHE C > C’
3aMmeHsieTcss Ha cootBeTcTBHE C > C" (cM. puc. 6, 0).

Puc. 6. [TocTpoeHre TOBEPXHOCTH, IPOXO/IAIIEN Uepe3 /IBe KOHUKU: & — UCXOAHbIE /TaH-
Hble; 0 — kostnHeanus [1-1T' (qBa BapuanTa); B — BbIZieieHe 00pasyollel ¢ n3 KOHTPYIH-
muu Kr(IT—IT")

IIar 2. Yepe3 Touky T mpoBOAMM KaKyI0-IU0OO BCIIOMOTATEJbHYIO MPAMYIO0 (HampuMmep,
npsamyo TC) u ormeuaem Ha Hedl Touky 3=TCNAB (puc. 6, B). 13 ycyoBHUsI cOXpaHEHUS
cJ103kHOTO OoTHOIeHus (2AB3)=(2'A'B'3") HaxoauM TOUKY 3'.

IIar 3. Ha npsmbix B5 u B'5' ormeuaeM TOUKH 4 U 4'. 13 yc10BUsI COXpaHEHUs CI0KHOTO
orHomeHus (CT43)=(C'T'4'3") naxogum Touky T'. HemmocpeacTBEHHON MPOBEPKOM HA KOMITb-
IOTEPHOM MakKeTe yoerxmaeMcs, uto 1" uanugeHTHa KoHuKe r'. Coequnsis Touku 1T u T', mosty-
yaeM oOpa3sytolryio t (cMm. puc. 6, B).

MHOroKpaTHOe IIpUMeHeHNEe AJITOPUTMAa MO3BOJIAET HAUTU J1I000€e KOJINUECTBO IPAMOJIU-
HEHHBIX 00pa3y0IInX HCKOMOU ToBepxHOCTH. COrIacHO TeopeMe 1, ITyYOK IIJIOCKOCTEHN, IIPOo-
XOANIUX uepes [, mepecekaeT 3Ty MOBEPXHOCTD IO KPUBBIM BTOPOTO IOPS/IKA.

6.2. Yactabii cryuai (wrockocru I1, IT' mapasiesibHbI)

Eciu mmockocru I, IT' mapasiesibabl, TO mpsiMas | CTAaHOBUTCS HECOOCTBEHHOH, a ITPOEK-
THUBUTET BBIPOXKJAeTcs B addUHHOE COOTBETCTBUE TOUeUHBIX mosier [1«II', Tak kak coxpa-
HseTCSl IPOCTOe OTHOIIEHHE U Mapayuienu3M. Ilycts, Hampumep, TpebyeTcsa “HaTAHYTH JIH-
HeMJaTyi0 IOBEPXHOCTh HA KapKac, 3a/IaHHBIN MPAMOJUHEHHON obpasyiomei AA' 1 KOHU-
KaMu T, ', JIeXKAIUMH B MapauIesbHbIX I1ockocTax [1(zx) u I1'(z'x"). YkasweiBasa B mossax 11,
IT' Tpu mapbl COOTBETCTBEHHBIX KacaTebHBIX (L4, tB, tc) <> (t'a, t's, t'c), momyuaem appuHUTET
II(r, A)<IT'(r", A") (puc. 7, a). IIpsiMble TUHUH, COETUHSIOIINE COOTBETCTBEHHBIE TOUKH ad-
¢unnbIx osei I1, IT', 06pasytot Teso uHetHON KOHTpysHINU Kr(I1T—IT').



Boigesnss u3 Kr(II<—II') HeckosIbKO 00pa3yroIUX HCKOMOM MHOBEPXHOCTH WM HCIIOJIB3YS
TeopeMy 1, IOJIy4yaeM KapKac ajareOpanyecKod MOBEPXHOCTH YETBEPTOTO IOPS/IKA, COCTOS-
U U3 ceMelCcTBa MPAMOJIUHENHBIX 00pa3yolINX U KPUBBIX BTOPOTO MOPSA/IKA, JIEXKAIIUX B

IapauIeTbHBIX IUIOCKOCTAX (puc. 7, 6). Busyanuzamus MOBEpXHOCTH IIPE/ICTaBIeHa HA PHC.
8.

Puc. 7. YactHsii ciyvaii (abdunnas kosutmneanus [1-11'): a — ucxoxguble 1aHHbIe; 6 —
KapKac MOBEPXHOCTH 00pa30BaH KOHUKAMU, JIEXKAIIIUMH B IMaPaJUIETbHbBIX IIJIOCKOCTSIX

[~

Puc. 8. JIluneituatas moBepxXHOCTb C MHUMBIMU OCSIMU (BU3yaIH3aI[1sl)

IIpumeuanue K 1. 6.2. Ecoiu KoHUKHY 1, 1’ TIOAOOHBI U MOJIOOHO PACIIOJIOKEHBI, TO aJI-
rebOpanyeckasi IOBEPXHOCTh YETBEPTOTO ITOPsIKA BBIPOKIAETCS B IMHEHUATYIO KBAJPUKY.

6.3. IIpumepsbl

IIpumep 1. [TocTpouTs TMHEHUATYIO AJIreOpanyecKyIo IIOBEPXHOCTh YETBEPTOTO MOPSIKA,
MPOXOJIAIIYIO Yepe3 KOHUKU T, I'', 1 UMEIOIIYI0 Halepes 3aJlaHHyI0 obpasyomryo AA' (puc.
9).

Puc. 9. K npumepy 1: a — uCXOHbIE JITaHHBIE; 0 — KapKacC IIOBEPXHOCTH ¢ MHUMBIMH OCS-
MU (IIepBbIA BapHaHT KoJutnHeanuu [1«<11'); B — kapkac IOBEPXHOCTH C BEIeCTBEHHBIMU
ocsamu (BTOpo¥ BapuaHT KosutuHearuu [1—11")



IIpoBouM KacaTeJabHbIE K JAaHHBIM KOHMKAM KM OTMeYaeM TOUYKHM KacaHuss A~A', B~B/,
C~C' (wmu C~C"). CorytacHo TeopeMe 2, IoJiydyaeM ABa BapuanTta kosutnHeanuu: [1(ABCK) «
IT'(A'B'C'K") n II(ABCK) « IT'(A'B'C"K") (puc. 9, a).

B coOTBeTCTBUU ¢ IEePBBIM BapHAHTOM, TPOHKH Touek I(1, 2, 3) A I'(1', 2, 3') onpexensaoT
IIPOEKTHUBHBIE TOUEUHBIE PSAbI Ha 00IeM Hocuresie [=I' ¢ MHUMBIMH JBOMHBIMH TOUYKAMH
U=U', V=V', uzobpazkaembiMu Mapkepom [{OL}. MuHuMbIe ocH U, U KOHTPY3HIUH Kr(IT«IT")
IIPOXOAAT uepe3 3TH Touku (puc. 9, 6). Mcrosp3ysa pacCMOTPEHHBIH B II. 6.1 aJITOPUTM 1...3,
HaXOJMM HECKOJIBKO IIPSIMOJIMHEHHBIX 00pasyoIuXx KOHCTPyHpyeMo# moBepxHocTH. Co-
IJIACHO TEOpPEeMeE 1, IOBEPXHOCTh HECET Ha cebe CEMEHCTBO KOHUUYECKUX CEYEHHH, IIJIOCKOCTH
KOTOPBIX ITPOXoAAT yepes [ (cM. puc. 9, 6).

PaccmaTpuBasi BTOpOH BapUaHT KOJUIMHEAIINH, TI0JIy4aeM IOBEPXHOCTD C BEIECTBEHHBIMU
OCSIMH U, U, TaK)Ke HECYIIyI0 Ha cebe ceMelicTBO KPHUBBIX BTOPOTO Hops/iKa (puc. 9, B). Busya-
J3anusa 00enx IIOBEPXHOCTEN IIpe/ICTaBIeHa Ha PHC. 10.

Puc. 10. Buzyanuzanus (k npumepy 1)

IIpumep 2. ITocTpoUTh JIMHEHUATYIO aJrebpandecKylo TOBEPXHOCTh YETBEPTOTO MOPS/I-
Ka, IPOXO/IAIIYIO Yepe3 TUmnepoosIsl g, g', 1 UMEIIYI0 Halepe/ 3aJaHHyI0 o0pasyonryio AA'
(puc. 11, a).

Hcmonp3yss pacCMOTPEHHBIA B II. 6.1 QJITOPUTM 1...3, HAXOAUM HECKOJIBKO IMPSIMOJIMHEMN-
HBIX 00Pa3yoIUX KOHCTPYUPYEMOU MmoBepxXHOCTU. COrIacHO TeopeMe 1, TIOBEPXHOCTh HECET
Ha ce0e ceMelCTBO KOHUUECKUX CeUeHUU (B IAHHOM MpUMepe — TuIepbosI), MI0CKOCTH KO-
TopbIX I, ... [T, mpoxoasT uepes [ (puc. 11, 6). Busyanusanus oTceka MOBEpXHOCTH ITPECTaB-
JIeHa Ha puc. 12.

a)

Puc. 11. K npumepy 2: a — UCXO/IHbIE JJaHHbIE; O — KapKac MOBEPXHOCTHU



Puc. 12. Buzyanuzanus (k npumepy 2)

7. JByxXoceBasa JUHeHYaTasa MOBEPXHOCTHh C 00pa3yIoIMU
MOCTOSIHHOMU JIJINHBI

Paccmotpum simHeYaTy0 MOBEpXHOCTH ), 00pa30BaHHYIO JIBIKEHUEM MPAMOU a, PUK-
cupoBaHHble TOYKUA M, N KOTOPOH CKOJIB3AT II0 CKPEIIUBAIOIUMCA psiMbIM m, n. Ha koH-
CTPYHPYEMYIO ITIOBEPXHOCTh HAJIOXKHUM ycaoBHe |[MN|=const (IIOCTOSAHCTBO JUIMHBI 00pa3yio-
mux). [TokaskeM, 4To MoBepXHOCTH {2 MosKeT ObITh BhiziesieHa u3 I'JIK Kr(m, n) norpy:keHuem
B Hee HAIIPABJIAIOIIEr0 3JUINICA, SKCIIEHTPUCUTET KOTOPOTO OIpeesisieTCs TOJIbKO BEJIUUH-
HOU yIJIa MEeX/Iy OCSIMU M, N KOHTPYSHITUH.

Teopema 3. Eciin koHIIBI oTpe3ka MN GUKCUPOBAHHOM JJIMHBI A CKOJIB3AT 110 CKpeIu-
BAIOIIMMCS 10| YIJIOM O IIPSIMBIM 1M1, 1, TO TOYKH OTPE3Ka OMHCHIBAIOT 3JUJIUIICHI, JIeXKaI[€e B
IJIOCKOCTSAX, TApaJUIeJIbHBIX MIPAMBIM M, N, a cepeanHa oTpe3ka MN onuchIBaeT CpeNHHbBIA
(rop;0BO#1) syauIC e, IJaBHble OCH ©O;, O, KOTOporo pasHBEI O:=tg(a/2)V(A2-d2),
S.=ctg(a/2)V(A2-d?), rae d — paccrosgHue MeXAy ocAMU m, n (6e3 0Ka3aTeIbCTBA).

CaeacrBue 1. OTHOIIIEHHE TJIABHBIX ocel §:/8.=tg2(a/2) ropsioBoOro syummnca onpeaess-
€TCsI JINIIH BEJTMYUHOU YTJIa oL MEXKLY OCSIMH M, 1.

CaencrBue 2. JJUIHIIC C OTHOIIIEHHWEM TJIaBHBIX ocell :/8.=tg2(a/2), pacrosioKeHHbINH
CUMMETPUYHO OTHOCUTEIFHO HAMIPABJISIOMINX MIPAMBIX 1M, N, BbIJIEJIsIET U3 TUIIEPOOTUUECKON
JIMHEeHHON KOHTpysHINU Kr(m, n) anrebpanueckyio JUHEHUATYIO TIOBEPXHOCTD 4 MOPSIAKA C
o6pasyomumu MN nocTosHHOM AuHb | MN|=A=V(d2+8,5.).

B wactHOCTH, ecitm a=7/2, TO, COTJIACHO CJIEACTBUIO 1, TOPJIOBOU BJUIUIIC BHIPOXKAAETCS B
OKPY?KHOCTh. IlosyqaeM JIBaKAbl CHMMETPUYHYIO JIMHEHYATYI0 IOBEPXHOCTh C B3aUMHO
MEePIEHUKYJIIPHBIMU HATIPABJISIONIUMU M, N, TOPJIOBON OKPY>KHOCTHIO I' U 3JUTUNTHYECKH-
MH CEUEeHUSMH B IJIOCKOCTSX, ITapaJlIeJIbHBIX CPEAUHHOM IJIOCKOCTH (pHc. 13).

TexHOJIOTHYECKOE TIPENMYIIECTBO MOAOOHBIX MOBEPXHOCTEH, IMO3BOJIAIONIEE PEKOMEHO-
BaTh UX JIJIS1 UCIIOJIb30BAHUSA B aPXUTEKTYPE U CTPOUTEIBCTBE, 3aKII0UAETCA B TOM, YTO OHU
MOHTHUPYIOTCS U3 IPSAMOJINHENHBIX 0AJIOK WJIU CTEPKHEN OJTHOTO TUIIOPa3Mepa.

Puc. 13. BI/ISYEUII/ISEII.II/I}I IIOBEPXHOCTH C BBAUMHO IIE€PIICHANKY/JIAPHBIMHA OCAMU 1 o6pa—
SYIOIITUMH IMIOCTOSIHHOM JJIMHBI: & — aKCOHOMETPUA; 0 -— BU/ B IIJIaHE



8. 3axIrouenue

[IpenyioxkeH KOMIBIOTEPHBIN MTPOEKTUBHO-TPAGUUECKUN aJITOPUTM MOCTPOEHUA U BU3ya-
JIN3aluu ajarebpanyecKol JUHENYaTON IMTOBEPXHOCTH YeTBEPTOTO MOPS/KA, BhIAEIAeMOU U3
JJIK morpykeHueM B Hee HampasiAlolled KOHUKU. [loBepxHOCTh opMHUpyeTcA KaK OJHO-
IapaMeTpU4yeckoe MHOXKEeCTBO NIPAMBIX, IlepeceKalollluX JIBe Hallepes, 33/laHHble MHUMbIE
COIIpSIKEHHBbIE TpsAMble — nupeKTpuchl (ocu) DJIK. MHUMBIE TOUKU HepecedeHns MHUMBIX
ocell KOJIJIMHeAIlUU C BellleCTBEHHOU IIOCKOCThIO HAIPaBJIAKIIEN KOHUKH U300pakaroTcs
CHeIMaJIbHBIM MapKepoM, MO3BOJISIONINM HCIIOJIb30BaTh MHUMBIE TOUKU HapaBHE C Belle-
CTBEHHBIMHU DU BHINIOJIHEHUN KOHCTPYKTUBHBIX IIOCTPOEHUI.

JlokazaHa TeopeMa O CyI[eCTBOBAaHUU IIy4dKa IJIOCKOCTeU, IepeceKallluX JIMHeNdaTyIo
anrebpanyvecKylo IMOBEPXHOCTDb MOPsA/KA k+2 1o anrebpandyecKuM KPUBBIM mopsaka k, 4To
JlaeT BO3MOXKHOCTh KOHCTPYUPOBaTh KapKac ajire0pandyeckoi MOBEPXHOCTH YETBEPTOTO IO-
pAAKa U3 MPAMBIX JUHUU U KPUBBIX BTOPOTO MOPSKA.

PaccmoTpennl BapuaHTHI Ilepexojia OT KOHT'PYSHIIUHU, 33J]aHHON YeThIPDbMsA CKPEIIUBalo-
IUMUCA OPAMBIMU, K KOHTPYSHIIUU IPAMBIX, COEAUHAIOIINX COOTBETCTBEHHBIE TOUKU KOJI-
JINHeAapHBIX oJiel. JInHellHasA KOHTPYSHIIVSA, 3a/laHHAsA KOJUIMHEeAPHBIMU IIOJIAMHU, IO3BOJIA-
€T PEelIUTh MPAKTUUYeCKHd BAXKHYIO 337ladyy KOHCTPYHUPOBAHUS JIMHEHYATON ajireOpandecKoun
IIOBEPXHOCTH YETBEPTOTO IOPsAAKA, MPOXOAIeld uepe3 Mapy Hamepes, 3a/laHHBIX KOHUYe-
CKUX CeUeHU.

PaccmoTtpena /iByxoceBasi IMHeHYaTas IOBEPXHOCTD € 0OPA3YIOIIMMHU ITOCTOSHHON JITUHBI.
ITokazaHo, 4TO Takas IMOBEPXHOCTh BblJleJIseTCA U3 JIMHEHHOU KOHTPYSHIIMU C BellleCTBEH-
HBIMU OCAMHU IOTPY:KEHHEM B Hee HAIIPABJIAIOIIETO 3JUIUICA, SKCIIEHTPUCUTET KOTOPOTO O-
HO3HAYHO OIIpeJleIsieTcsl BEJIMUMHOU yTila MEXKAY OCSIMH KOHTPYHIMHU. TexHosornudeckoe
IIPENMYIIECTBO MTOAOOHBIX IOBEPXHOCTEMN, ITO3BOJIAIOIEE PEKOMEH/IOBATh UX JIJISI UCIIOJIb30-
BAaHUA B apXUTEKTYpe U CTPOUTEILCTBE, 3aK/II0UaeTCA B TOM, YTO OHH MOHTUPYIOTCA U3 IpH-
MOJIMHEUHBIX OAJIOK MJIN CTepKHEU OTHOTO THUIIOpa3Mepa.

[IpenyioxxeHHble B paboTe KOMIIBIOTEPHbBIE MPOEKTUBHO-TpadruecKre aJiIrOPUTMBbI I103BO-
JISIIOT KOHCTPYHPOBATh apXUTEKTYPHbIE (DOPMBI, IEPEKPHITUS U 000JIOUKHU, OTIUYAIOIIHECS
OT TPAAUIMOHHBIX MMOBEPXHOCTEH, OMHPAIOIINXCA HA BEIeCTBEHHbIE OCH, UTO PaCIINpSET
o0JiacTh IpUMeHEeHUsl JIMHENYAThIX KOHCTPYKIUN B apXUTEKTYPHO-CTPOUTEIBHOM IIPOEKTH-
POBaHUU.

[IpencraBieHHBbIE B CTaThe PUCYHKHU BBITIOJIHEHBI C IIOMOIIBI0 IPOTPAMMHOIO MPOAYKTA
[8], mo3BOJIAIONIETO BBHITIOHATh TEOMETPUUECKH TOUHOE IOCTPOEHHE KPUBBIX BTOPOTO IO-
paaka (KBII), "HIMAEHTHBIX Hamepes 33/[]aHHBIM TOYKAM U KacaTeJIbHbIM. AJITOPUTMBI, 13-
JIO>KeHHbIE B [11], TTIO3BOJIAIOT UCHOJIB30BaTh mporpamMmy [8] aiia mocrpoenus KBII, uuIu-
JIEHTHBIX KaK BeI[eCTBEHHBIM, TaK 1 MHUMBIM JIMHEHHBIM 3J1€MEeHTaM.
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Abstract

The article discusses a method for constructing linear surfaces based on extracting them
from an elliptical linear congruence (ELC), given by four intersecting lines or collinear corre-
spondence of flat fields. A projective-graphic algorithm for constructing a real line intersect-
ing the imaginary ELC directrix has been proposed. The algorithm is based on the use of an
image of imaginary points in the form of a special marker, which allows for the imaginary
points to be used along with real points when performing constructive constructions. Extract-
ing a surface from an ELC is reduced to a repeated application of the algorithm.

A theorem has been proved on the existence of a pencil of planes intersecting a linear al-
gebraic surface of the order k+2 along algebraic curves of the order k (Theorem 1). The theo-
rem allows constructing a skeleton of an algebraic surface of the fourth order from lines and
curves of the second order. The variants of transition from linear congruence given by four
straight lines to an identical congruence given by the collinear fields P<P' have been pro-
posed. This transition makes it possible to solve the practically important issue of designing a
linear surface passing through two conical sections. The existence theorem for the collinea-
tion P—P', drawn in the fields P, P' by the curves of the second order has been proved (Theo-
rem 2).

A biaxial linear surface with constant-length generators has been considered. It has been
shown that such a surface is distinguished from a linear congruence with real axes by im-
mersing a guiding ellipse into it, the eccentricity of which is uniquely determined by the angle
between the congruence axes (Theorem 3). The technological advantage of such surfaces, al-
lowing to recommend them for use in architecture and construction, is that they are mounted
from rectilinear beams or rods of the same standard size.

Examples of computer visualization of linear surfaces with imaginary and real directrices
have been presented.

Keywords: linear congruence, imaginary algebraic elements, imaginary point marker,
directing curve, linera quadric, collinear fields.
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