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Abstract 
Scientific visualization is an important stage of research. It is intended to provide post-

processing analysis tools for presenting the results obtained numerically and/or experimen-
tally. This is especially topical with regard to the increasing volume of processed data associ-
ated with the productive capacity growth of computing systems. 

In this work two scientific visualization methods were applied to recognize flow parame-
ters obtained by numerical simulation of counter-rotating supersonic vortex pair interaction: 
the λ2-method and maximum vorticity method. 

The results of their application are compared. The numerical data was obtained by a 
computational model based on the URANS equations with SA turbulence model. Numerical 
simulations were performed on the hybrid supercomputing system K-60 at the Keldysh Insti-
tute of Applied Mathematics RAS. The main simulation results are presented and analyzed. 

  
Keywords: supersonic flow, vortex flow, counter-rotating pair, scientific visualization. 

 

1. Introduction 
Vortex flows are ubiquitous both in natural phenomena and in technological processes. When 
studying a particular type of flow, it is very important to identify/determine the main consti-
tutive structural elements of a sufficiently large scale. For example, such elements as a shock 
wave, a rarefaction wave, a separation region, a vortex, and so on. And for this purpose, visu-
alization tools are well suited: they provide analysis tools that help to study the structure of 
the flow, to determine its features and main characteristics. 
Scientific visualization is used in many fields. There are many approaches to describing data 
using its methods [1]. For example, regarding the visualization of vortex flows, large reviews 
of the used methods are made [2-5]. The main methods used for visualization of vortex flows 
are described, and their comparative analysis is carried out in these works. The most com-
monly used methods in this area are: λ2-method, Q-method, vorticity calculation, etc. The au-
thors here only mention some of the visualization methods, without setting the goal of their 
detailed study and description. 
The authors did not set the problem of visualization methods comparison, but investigated an 
important problem of aerodynamics - the problem of propagation of supersonic tip vortices, 
in particular, pairs of wingtip vortices in counter-rotating configuration. This task is particu-
larly topical in view of the increased interest in supersonic aircraft both in civil aviation and 
in military industry. A vortex wake that appears behind any aircraft carries a potential hazard 
to the following aircraft [6]. In addition, especially in the case of supersonic modes, there is a 
risk of getting a vortex trace on other elements of the aircraft located downstream, in particu-
lar, in the combustion chamber of propulsion system [7]. This can lead to a change in the lift 
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force, additional overloads on the aircraft body, as well as to engine outages. At the same 
time, such flows as a vortex wake behind a blunt body can be considered from the point of 
view of coherent structures [8, 9], which makes it possible to further expand the tools for ana-
lyzing such vortex flow data and consider them from a different point of view.  
Up till now, there is no unambiguous universally accepted definition of a vortex [5, 10, 11]. 
The vortex intuitively is characterized by the rotational movement of the material particles 
around the central region. However, it is difficult to put this understanding in the strict 
framework of a clear formal definition. 
Scientific visualization methods allowed the authors to illustrate the main properties of the 
studied flow based on the obtained information, in particular, to determine the axis of super-
sonic wingtip vortices. In addition, it was shown that different visualization methods can 
complement each other well, giving an idea of the studied flow from different sides and re-
flecting its main properties and structures. The authors have already appealed to visualization 
methods [12], but now they continue to deepen and expand the application of scientific visu-
alization methods to new problems with an ever-growing volume of data. 
This paper demonstrates the application of scientific visualization methods to the problem of 
a pair of streamwise supersonic counter-rotating wingtip vortices propagation at the incom-
ing flow Mach number M∞ = 3.  

2. Problem Statement 
The flow behind two coaxial wings with sharp leading, trailing, and side edges and with a di-
amond-shaped base was studied numerically (fig.1). The wings were located at an angle of 10° 
to the incoming flow and were attached to the walls parallel to flow direction with the base. 
The simulations were performed in dimensionless variables [13], a unit of length was taken 
L = 1 m. Density and pressure were non-dimensionalized by its free stream values. The chord 
of each wing was equal to b = 0.03, half-span of first wing was l1 = 0.075, the second one was 
l2 = 0.095. The thickness of the diamond-shaped base of both wings was equal to h = 0.004. 
The distance between the tip chords of the wings was l3 =0.03, so the width of the area be-
tween the walls was H = 0.2. The x axis was co-directed to the incoming flow. The z axis coin-
cided with the common axis of the wings. The y axis was directed from the leeward side of the 
wings to the windward side. The length of the area under consideration was up to 10 wing 
chords downstream from the common axis of the wings. The Reynolds number in simulation 
was ReL = 1 × 107.  

3. Numerical Model 
The numerical simulation was performed on 224 computational cores of the hybrid super-
computing system K-60 [14] at the Keldysh Institute of Applied Mathematics RAS using the 
developed software package. A system of URANS equations with SA turbulence model for 
compressible flows [15] with Edwards modification [16] was used for describing a supersonic 
flow of a perfect viscous compressible fluid. The finite volume method based on the recon-
struction schemas of the second order (TVD) was used. Time approximation was performed 
by means of an explicit scheme. A more detailed description of the numerical algorithms is 
given [17]. Simulations were carried out on an unstructured mesh with 25 774 200 hexagonal 
cells. The mesh was refined in the zones of vortex formation and its propagation throughout 
overall simulation domain for better resolution of vortex structures. 
 



 
Figure 1. General model scheme 

4. Vortex Visualization 
A separate post-processing data simulation module was developed for determining vortex 
structures for hexagonal grids within the developed software package. The maximum vorticity 
method is fully implemented in it, and the necessary matrices are calculated for applying the 
λ2-method. The module generates data of vortex structures in the format of the Tecplot soft-
ware package, which is used for further visualization of numerical simulation results. 

4.1. λ2-method 
The λ2-method (or criterion) for identification of vortices was proposed [18]. According to 
this criterion, the vortex flow region is determined based on the analysis of the eigenvalues of 
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where ∇u is velocity gradient tensor. 
According to this method, the vortex region is considered to be the part of space in which the 
second eigenvalue 𝜆2(A) < 0 (𝜆1 ≥ 𝜆2 ≥ 𝜆3). This method is quite widespread and is often 
used in data processing.  

4.2. Maximum vorticity method  
The maximum vorticity method was proposed in [19]. It is based on one of the definitions of 
vortex flow and consists in detection the local maximum of the vorticity vector modulus |ω| = 
|∇ × u| in the plane perpendicular to the direction of this vector. This method allows to de-
termine the exact axis of the streamwise vortex in the case of sufficient resolution of the com-
putational mesh.  

4.3. Application results  
If the maximum vorticity method is intuitive enough, then the λ2-method is not so obvious. 
To clear demonstrate the operation of the two mentioned scientific visualization methods, es-
pecially the λ2-method, the authors applied them to a model problem – to Burger’s vortex. 



The authors did not set out to investigate the λ2-method, but only wanted to test its work on a 
visual example. The Burger’s vortex was chosen as such a visual example. Burger’s vortex was 
taken in cylindrical coordinates as follows [19]: 
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𝑉𝑥 = const = 3 
where 𝛤0 = 0.4, 𝑟𝑐 = 0.25. 
The application results of two mentioned visualization methods to the Burger’s vortex are 
presented in the figure 2. The iso-surface of 𝜆2 = 0 and vortex axis determined by maximum 
vorticity method are demonstrated in this figure. It can be seen that the λ2-method adequate-
ly represents and displays the given Burger’s vortex. The vortex axis was also found correctly 
using the maximum vorticity method. Thus, these two methods work adequately on the se-
lected model problem. 
 

 
Figure 2. Application of λ2 and maximum vorticity methods to model problem – Burger’s 

vortex. 
 
Now let's return to the problem of a streamwise counter-rotating supersonic vortices pair 
propagation (fig. 1). Figure 3 shows the results of the λ2-method applying to visualize the 
simulation results of the described problem. This method allows us to find the vortex flow re-
gion bounded by the iso-surfaces of the negative eigenvalue 𝜆2(A). 
 



 
Figure 3. Pair of supersonic counter-rotating wingtip vortices visualized by means of λ2-

method (iso-surfaces of level λ2 = -600). 
 
Figure 4 shows the iso-surfaces of the level λ2 = -600 in sections perpendicular to the direc-
tion of the incoming flow: x = 0.1, x = 0.2, x = 0.3. In the section x = 0.1, the values of λ2 are 
shown by filling in red and blue, in the section x = 0.2 – by a green circle, in the section x = 
0.3 – by a black circle. It is noted the displacement of counter-rotating vortices upside (to 
leeward wing side) and their divergence at considered distances downstream from the wing 
axis, which correlates with the data of other authors [21, 22]. The diameter of the vortex zone 
expands downstream from the wing axis, forming a cone-like shape of the vortices. 
 

 
Figure 4. Iso-surfaces of level λ2 = -600 in cross-section x = 0.1 (filling in red and blue sepa-

ration), x = 0.2 (green circle), x = 0.3 (black circle). 
 



 
Figure 5. Axes of supersonic counter-rotating wingtip vortices pair (red lines) determined by 

the maximum vorticity method. 
 
Figure 5 shows the axes of the wingtip vortices that are found by the maximum vorticity 
method for the problem under investigation (red lines). This allows us to plot the coordinates 
of the vortex axes y and S (the distance between the vortex axis coordinate z and the tip chord 
of the corresponding wing–generator) which are shown in figure 6. As mentioned above, it is 
noted the displacement of the vortex axes upward (to leeward wing side), as well as their re-
pulsion from each other. There is a section of non-monotonicity on the graphs of the vortex 
axes coordinates at the near wing region at small values of x about x = 0.05 .. 0.09, which is 
associated, firstly, with the zone of vortex formation, and, secondly, with the arrival of a weak 
compression wave from the edge of the neighboring wing.  
 

 
Figure 6. Axis coordinates of counter-rotating vortices: y (left) and S (right). 

 
The visualization of the vortex formation region (the zone of the vortex rope formation) is of 
particular interest, a more detailed conception of which can be obtained by the vorticity iso-
surfaces. For example, fig. 7 shows how the veil from the tip edge of the wing is folded into a 
rope. However, in our previous works, we were interested in long distance region, and the 
near region remained little studied in our researches. This will be the topic of further re-
search.  
Figure 8 shows both the position of the axes of a counter-rotating vortex pair identified by the 
maximum vorticity method (red lines) in the region of the formed vortex and the vortex core 
identified by the λ2-method (green iso-surfaces), λ2 = -600. 



 

 

 
Figure 7. Zone of vortex rope formation: vortex iso-surfaces of level 2000 for the wing with a 

half-span of 0.075 at different angles of view. 
 

 
Figure 8. Superposition of vortex axes (red lines) identified by maximum vorticity method 

and of vortex cores identified by the λ2-method, λ2 = -600. 
 
These two visualization methods give the results that are well compatible with each other. 
Moreover, they complement each other, giving a more detailed idea of the main properties 
and structures of a counter-rotating vortex pair. 

5. Conclusion 
In this paper we demonstrate the employment of scientific visualization tools in the study of 
supersonic counter-rotating vortex pair. Two visualization methods have been applied to nu-
merical data obtained on the supercomputer system K-60: λ2-method and maximum vorticity 
method. 



They give well consistent results: the λ2-method provides a visual representation of the vortex 
core, while maximum vorticity method allows to find the vortex axis. In addition, the vorticity 
iso-surfaces provide an opportunity to demonstrate clearly how the vortex rope curls up in a 
formation zone. Moreover, used two visualization methods complement each other, showing 
different aspects of the considered flow, which can be used in the future to analyze processes 
in the vortex zone. 
In general, it can be noted that scientific visualization methods allow to get a main structures 
and certain details of the investigated flow what gives an major asset in the scientific re-
search. 
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