
Scientific Visualization, 2020, volume 12, number 2, pages 1 - 8, DOI: 10.26583/sv.12.2.01 

Visualization of Multidimensional Hypersurface Extrema by 

Lumigraph 
 

Eugene Popov1,A, Tatyana Popova2,B, Anatoly Batiukov3,A, Natalja Vogt4,C,D 

 
A Nizhegorodsky State Architectural and Civil Engineering University 

B National Research University Higher School of Economics 
C University of Ulm (Germany) 

D Lomonosov Moscow State University 
 

1 ORCID: 0000-0002-3058-2369, popov_eugene@list.ru 
2 ORCID: 0000-0002-1351-222X, tatpop@list.ru 

3 ORCID: 0000-0002-1050-1883, absterno@gmail.com 
4 ORCID: 0000-0001-7190-5702, natalja.vogt@uni-ulm.de 

  
Abstract 
The paper describes a method for a multidimensional hypersurface and its extrema visu-

alization by Lumigraph model. The paper shows the shortcomings of the classic Lumigraph 
and formulates the reasons for this. To overcome these shortcomings the authors introduce 
the additional screen concept. The rules for constructing an image on this screen are de-
scribed. The final image makes the entire hypersurface and zones of its extrema clearly visi-
ble. 
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1. Introduction 
The basic feature of the information is its multidimensionality. Due to this fact information 
often loses its clearness and one cannot represent the data in visual form by standard visu-
alization means such as plots, graphs and diagrams [1-3]. This problem frequently occurs 
in different areas of human activity. For example, in work [4] the scholar attempted to sys-
tematize and briefly describe some types of visualization problems arising from processing 
the results of a generalized mathematical experiment in computational gas dynamics. The 
author also marshalled the emerging tasks of visual presentation of multidimensional nu-
merical output data. The development of procedures for analyzing the results of a general-
ized computational experiment presented in the form of a multidimensional data volume is 
considered in [5]. 
In chemistry understanding and predicting the properties of chemical compounds are of 
paramount importance both from technological and academic points of view. Quantum 
chemical computational methods become useful tools for solving some chemical problems 
as well as for studying the reaction mechanism prior to difficult, expensive or sometimes 
impossible experiments. Usually, the problem converges to the extrema set finding of the 
Potential Energy Surface (PES) related to the so called “molecular conformal landscape” 
[6], [7]. In the majority of cases PES has a multidimensional character. In this paper PES 
depends on four independent variables. We will call it 5D hypersurface. The problem of 
multidimensional PES visualization is very relevant and complex. 
There are numerous visualization approaches and a good number of visual taxonomies [8]. 
Looking at them the following stand out as high dimensional visualizations: 2D and 3D 
scatterplots; Matrix of scatterplots; Heat maps; Height maps; Table lens; Survey plots; 
Iconographic displays; Dimensional stacking (general logic diagrams); Parallel coordi-
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nates; Line graph, multiple line graph; Pixel techniques, circle segments; Multi-
dimensional scaling and Sammon plots; Polar charts; RadViz; PolyViz; Principal compo-
nent and principal curve analysis; Grand Tours; Projection pursuit; Kohonen self-
organizing maps and many others. However, the analysis in work [6] has shown that none 
of these is suitable enough for PES visualization. 

2. Visualization 4D Data by Lumigraph  
There is a possibility to represent a 5D hypersurface by function of four independent varia-
bles with energy level represented by color and apply the model called Lumigraph. The 
usual two-plane parameterized light field (2PP) extended with object geometry for the re-
construction process was described by Görtler [9] who coined the term Lumigraph. It is 
usually applied to stress the fact that proxy geometry is required and used for light field 
reconstruction. It is a subset of the complete plenoptic function that describes the flow of 
light in all positions and in all directions. The two-plane setup is a global parameterization 
which describes a ray in space with the intersection points on two parallel planes. Each in-
tersection point is 2D and this leads to four sampling parameters. In our case this kind of 
ray can be considered as a 4D point. A point color considered as an additional parameter 
transforms this point into a 5D point.  
The main idea can be explained by the example of 2D analogue of Lumigraph (see Fig. 1). 
Let there be two parallel axes X1 and X2 related to two independent variables. Then the line 
between two points at these axes is adequate to 2D point with coordinates (x1, x2) in Carte-
sian space. 
 

 
Fig. 1. The Lumigraph model of 2D point 

 
Let us now have a 2D quadratic matrix of n×n points and apply this scheme to visualize it 
as shown in Fig. 2. We can obtain the net of n2 lines that can be named 2D Lumigraph rep-
resentation of 3D tabulated function z = f(x1, x2) of two independent variables. If we assign 
an appropriate color to each point related to z value we can have a complete Lumigraph 
representation of that function which can be visualized by colored plot. 
 

 
Fig. 2. The set of 2D points in Lumigraph 

 



If we expand this idea to the case of four independent variables, the point can be repre-
sented by the line shown in Fig. 3 where two ending points of it have two pairs of variables 
(D3, D1 and D6, D5) associated with a corresponding plane. 
 

 
Fig. 3. The point depending on four variables 

 

 
Fig. 4. Tabulated function of four variables modelled by Lumigraph 

 
In geometry, any surface is considered as an infinite point set. However, in most applica-
tions, the function of multidimensional surface is presented in the form of finite four-
dimensional tables. It means that graphs of such function can be modelled as a finite set of 
4D points only. Lumigraph is a convenient and simple model to visualize the function of 



four variables as seen in Fig. 4 where the function values are displayed in colored form. 
Usually, the initial 4D function table has n rows and columns at each dimension, so the 
number of 4D points in Lumigraph is equal to n4. Though such representation is very sim-
ple, obvious and convenient it is not clear enough for perception. The areas of the function 
extrema can hardly be seen. With this in mind, we have come to conclusion that there is a 
need to find a way to improve Lumigraph visualization approach. 

3. Mapping of 5D surface image to additional screen 
Further development of the described approach may be the mapping of Lumigraph to 2D 
plot. The shape of 2D plot should be efficient enough so that the entire surface is visible to 
the user. The main idea here is to place the third plane parallel to two initial ones inside 
the Lumigraph so as to find the points of intersection of line segments with it. We called it 
the additional screen concept. One can see the complete 2D mapping of the whole 5D 
hypersurface in the form of raster image (see Fig. 5 where 4D points are hidden).  
 

 
Fig. 5. 2D mapping of 5D function in the form of raster image 

 
The entire extrema hypersurface zones are clearly seen in this image (minima zones are in 
blue; maxima are in red). The previously described ineffective (see works [6], [7]) method 
for displaying hypersurface minima (see Fig 6) can now be significantly improved by com-
bining the two models shown in Fig. 5 and Fig. 6. 
 



 
Fig. 6. A few minima of 5D function from work [6] in Lumigraph 

 

 
Fig. 7. 5D function minima from work [6] together with 2D image 

 
One can notice that the additional screen is placed at different distances from Lumigraph 
planes. This is due to the need to increase the number of pixels in the raster image. As can 
be seen in Fig. 1, the image contains the smallest number of pixels when the mapping plane 
is located at the middle of two original Lumigraph planes. We placed the additional screen 
at 0.25L distance from the far Lumigraph plane (see Fig. 5, here L - the whole distance be-
tween the Lumigraph planes). We chose this distance experimentally since the goal was to 



obtain the hypersurface image of a better quality. To give more specific recommendations 
additional studies of this issue are required.  
We also attempted to modify 2D image by adding the real 5D function values to Lumigraph 
as shown in Fig. 8. It consists of several steps. First, we normalize the function value in its 
min – max range so that it has value in range (0; 1). Then we shift the intersection point 
vertically at the distance AB (see Fig. 8) in order to obtain distance BC equal to real func-
tion value in 4D point 1-2. 
 

Fig. 8. Assign real 5D function value for Lumigraph point 
 
After applying this scheme to Lumigraph 2D the image of 5D function takes the form 
shown in Fig. 9. It stands to reason that such visualization produces a very demonstrative 
view of the hypersurface together with its global and local extrema. Only one circumstance 
remains unclear in Fig. 9, i.e. how all extrema are related to the value of their variables. 
This circumstance needs additional visual clarification. 
 



 
Fig. 9. Lumigraph mapping with real 5D function values 

4. Programming Tools  
When selecting a programming tool for development, we analyzed several platforms. After 
comparing the advantages and disadvantages of different platforms, the Java language [10] 
was chosen together with the Java 3D extension [11] which turned out to be the most suit-
able tool. Internet technologies, and in particular the Java language, have led to fundamen-
tal changes in the way applications are developed and deployed. The Java model “write 
once, run anywhere” reduces the complexity and cost typically associated with producing 
software on several different hardware platforms. With Java, the browser paradigm has 
become a convincing way to create applications for the Internet and corporate intranet. 
With the advent of new classes of applications for the web environment, the need for the 
full integration of multimedia capabilities in the browser paradigm is growing. Application 
developers require fewer high-level interfaces to work, but users prefer a seamless envi-
ronment that is easy to use and maintain. In addition to software innovations, ASIC tech-
nology (specialized integrated circuit) and a high level of integration made hardware with 
support for accelerated three-dimensional visualization and multimedia available to users. 
We developed the ExDiGraph software package for the visualization of multidimensional 
surfaces together with their extrema on the basis of Java language [12]. The software al-
lows visualizing multidimensional surfaces with dimensions up to 7D. 

5. Conclusion 
The paper describes the method for visualization of a multidimensional hypersurface with 
its extrema by a Lumigraph model. The classical Lumigraph is not convenient enough for 
perception since it can be represented by a set of straight-line segments only, as described 
in this paper. The entire zones of the function extrema can hardly be seen on the whole, 
even in case Lumigraph is painted in different colors. An additional screen parallel to the 
Lumigraph planes contains a raster image of all zones of a multidimensional hypersurface. 
Additionally, such image is painted according to its color legend. We called this mecha-
nism the mapping of a multidimensional surface onto an additional screen. Owing to such 



mechanism we can obtain more visually efficient raster image of the function together with 
all its extrema. This approach is applicable for visualization of a 5D hypersurface, depend-
ing on four variables. Further evaluation of this approach may be aimed at the increasing 
the dimension of the displayed hypersurface. 
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